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Abstract 


In this work we develop the patch formalism, an approach 
providing a very simple and compact description of braneworld- 
motivated cosmologies with nonstandard effective Friedmann 
equations. In particular, the Hubble parameter is assumed to de¬ 
pend on some power of the brane energy density, H 2 oc p q . The 
high-energy limit of Randall-Sundrum (q = 2) and Gauss-Bonnet 
(q = 2/3) braneworlds are considered, during an accelerating era 
triggered by a single ordinary or tachvonic scalar field. We present 
a slow-roll formalism generalizing the four-dimensional one; full 
towers of slow-roll parameters are constructed and the dynamics 
of the inflaton field explored in detail. The inflationary attractor 
condition, exact cosmological solutions, and perturbation spectra 
are provided. Using the latest results from WMAP and other ex¬ 
periments for estimates of cosmological observables, it is shown 
that future data and missions can in principle discriminate be¬ 
tween standard four-dimensional and braneworld scenarios. The 
issue of non-Gaussianity is also studied within nonlinear pertur¬ 
bation theory. 

The introduction of a fundamental energy scale reinforces 
these results. Several classes of noncommutative inflationary 
models are considered within an extended version of patch cos¬ 
mological braneworlds, starting from a maximally invariant gen¬ 
eralization of the action for scalar and tensor perturbations to a 
noncommutative brane embedded in a commutative bulk. Slow- 
roll expressions and consistency relations for the cosmological ob¬ 
servables are provided, both in the ultraviolet and infrared region 
of the spectrum. The effects of noncommutativity are analyzed 
in a number of ways and energy regimes. 

Finally, we establish dual relations between inflationary, 
cyclic/ekpyrotic and phantom cosmologies, as well as between 
scalar-driven and tachyon-driven cosmologies. The exact duali¬ 
ties relating the four-dimensional spectra are broken in favour of 
their braneworld counterparts. The dual solutions display new 
interesting features because of the modification of the effective 
Friedmann equation on the brane. 


PACS numbers: 98.80.Cq, 04.50.+h, 98.70.Vc 
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Introduction 


This to attain, whether heav’n move or earth, 
Imports not, if thou reckon right: the rest 
From man or angel the great Architect 
Did wisely to conceal, and not divulge 
His secrets to be scanned by them who aught 
Rather admire: or if they list to try 
Conjecture, he his fabric of the hem'ns 
Hath left to their disputes, perhaps to move 
His laughter at their quaint opinions wide 
Hereafter, when they come to model heav’n 
And calculate the stars ... 

— Milton, Paradise lost, VIII, 70-80 


Imagine to be a two-dimensional man, like a paper silhouette cut in a 
sheet, living on the surface of a table. Imagine that the table is your world and 
all you see and touch and speak with lives in this two-dimensional universe. 
Things might look quite boring relative to our common 3D vision, but just 
for some more moments we are sheet-guys who actually do not know what 
the third dimension is. 

Now imagine that, after a life accustomed to flatness, a macl scientist 
claims the existence of a third, amazing, unprecedented “extra dimension,” 
transverse to the table surface. In the beginning people do not believe him, 
wondering: ‘Why should we complicate our world with things we cannot see?’ 
Some colleague of the scientist’s even shows that his proposal goes against 
current observations. 

Despite all this skepticism, later on the theory is modified, its context 
changes and widens, and the underlying philosophy enriches with important 
consequences involving nothing less than our attitude to the interpretation 
of natural phenomena. People begin projecting experiments and models - 
and sub-models, and scenarios within scenarios - in order to find whether 
this extra dimension (an object they really cannot figure out, since their 
minds think in 2D only) produces some visible effect on the table or not. 
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However, this new enthusiasm triggered in the field is not rewarded by a 
direct, unequivocal check of the idea. 

This analogy, borrowed from Flatland by Reverend Abbott (indeed far- 
sighted a work, being written 120 years ago!), does not differ much from the 
fair tale of the real world and the 21st-century science. Recently a number of 
developments in string theory have given new insights to our comprehension 
of the high-energy physics and the fundamental behaviour of Nature. Al¬ 
though the mathematical structure of the string lore is so elegant that many 
theorists believe to be on the right path, its complexity and interpretative 
difficulties make concrete (i.e. liable to experimental pressure) predictions 
hard to formulate. Nevertheless, important applications have been proposed 
and almost fully constructed, particularly in cosmology. 

One of the basic statements of these theories is that particles are actu¬ 
ally microscopic vibrating “strings” which interact in a higher-dimensional 
spacetime; that is to say, four dimensions are not enough for the physics at 
the quantum scale. Beside strings, other extended objects (the “D-branes”) 
appear in the full spectrum and play special roles of interest. 


1.1 Brane worlds and cosmological principle 

The idea that the world we live in has more dimensions than we can see 
dates back to the 1920s with the works of Theodor Kaluza [T] and Oskar 
Klein however, in order not to violate results coming from gravitational 
and collider experiments, extra dimensions should be compactified and very 
tiny (of order of the Planck scale) and so almost unobservable. During re¬ 
cent years new models, exploiting many of the mentioned stringy ingredients, 
have been explored which require 

dimensions with compactification scale close to the limit of modern measure¬ 
ments of gravity (around millimeter) or even noncompact dimensions. In 
these cases, the visible universe is confined into a four-dimensional variety (a 
brane) embedded in a larger spacetime, thus called braneworld. 2 

Besides regaining classical gravity at low energies, these models have 
many interesting consequences, such as the mass hierarchy problem solu¬ 
tion and the concrete possibility to test and bound the theory by means of 
astrophysical (supernovae) and cosmological observations (cosmic microwave 
background temperature fluctuations, large-scale structures) and accelerators 
(high-energy processes available at future LHCs). However, the problems 
opened by this new trend of research are far from being fully solved. 

In the typical cosmological framework, the background metric on the 
brane is the Friedmann-Robertson-Walker (FRW) metric [with signature 

1 See [T?n H71 [T $l H51 IS fi l I2T1122] for examples of compactifications on a hyperbolic 
manifold. 

2 Brane universes in a multidimensional target spacetime were first considered in f23l 

ElEIj. 
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dsp RW = dt 2 — a 2 (t) dxidx 1 , (1.1) 

where a(t) is the scale factor on the 4D variety and Latin indices denote 
spatial coordinates. The FRW metric is the realization of the cosmological 
principle of the standard big bang model, stating that “the Universe does 
not possess any privileged direction or point; it is therefore homogeneous 
and isotropic, at least with good approximation.” 3 If the Universe follows 
an homogeneous evolution, one can define a measure of time such that iden¬ 
tical physical properties in different places imply synchronized local clocks. 
This is the reason why t is called synchronous time. The spatial comoving 
coordinates x l are glued to the elements of the continuous fluid we assume 
to represent the (brane) universe, so that a coordinate spatial label x cor¬ 
responds to the fluid element passing on that point at the time t. Physical 
distances are given by comoving distances times the scale factor a(t). 

The Einstein equations are modified in accordance with the gravity model 
permeating the whole spacetime. This in turn produces the basic FRW equa¬ 
tions for the cosmological evolution. For comprehensive reviews on brane 
worlds, see pH EH EEl ESI- In particular, the five-dimensional Randall- 
Sundrum type 2 model and its Gauss-Bonnet 

generalization mmmmmmmmmmmmmmmm 

E31EU have received much attention since their birth because of their rich 
structure in a relatively simple conceptual framework. One of the many as¬ 
pects of these models is a possibility for the cosmological evolution to change 
substantially from the standard four-dimensional case, since the extra non¬ 
compact dimension can communicate via gravitational interaction with the 
matter confined in the brane. Gravity is free to propagate in the anti de 
Sitter (AdS) bulk, which is assumed to be empty in the simplest scenarios. 

1.2 Inflation 

According to modern data, the large-scale structure of the Universe, as well 
as the anisotropies of the cosmic microwave background (CMB), can be ex¬ 
plained by an early stage of accelerated expansion (inflation) driven by an 
effective cosmological constant [H EE1E3 EB1 EH- This mechanism is trig¬ 
gered by the dynamics of a scalar field (generically dubbed “inflaton”) rolling 
down its potential, and may also provide an explanation for the present phase 
of acceleration; in the most famous version of inflation, the rolling is slow 
enough to justify the adoption of the slow-roll (SR) formalism. 

Inflation was originally devised for solving a number of problems afflict¬ 
ing the hot big bang model, in particular the flatness or entropy problem 
(Why the Universe is flat? Why does it have so high an entropy?), the 

3 Due to the presence of small anisotropies in the microwave relic and the gravitational 
clustering of matter in the large-scale structures, the cosmological principle gives only an 
approximated description of the world. 
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horizon problem (Why distant, causally disconnected regions are in thermal 
equilibrium?), and the monopole problem (Where are the topological defects 
emerging from the cosmological phase transitions?). However, the reasons of 
its success rely on an aspect which is much more than a back bonus. In fact, 
an immediate consequence of this scenario is that cosmological large-scale 
structures were originated by the exponential dilatation of quantum fluctua¬ 
tions of the inflaton up to macroscopic scales (SHED ED ED- The study of 
microcosm allows us to investigate macrocosm in some sense, so cosmologi¬ 
cal observations are complementary to those with ground-based accelerators. 
Moreover, they clarify the composition and geometrical structure of the Uni¬ 
verse, as well as those primordial elementary processes constituting the basis 
of our visible world. 

In particular, it is possible to combine the available observables in rela¬ 
tions, called consistency equations, that are characteristic of the inflationary 
paradigm, and verify them through CMB and sky-survey data. These rela¬ 
tions do not depend on the form of the inflationary potential but do depend 
on either the type of scalar field (ordinary or tachyonic) on the brane and 
the details of the high-energy geometrical model. The consistency equations 
are a typical result from inflation that other theories of structure formation 
are not able to reproduce, and reflect the common physical origin of scalar 
and tensor perturbations; this scalar-tensor entanglement is even more pro¬ 
nounced in the braneworld framework. 

Recently, due to many progresses made in understanding the vacuum 
structure of string theory (in particular, see [MIEniEElEDEHlEniEniED 
ED ED EH ESI), the eventuality that the scalar field is tachyonic has been 
explored. With “tachyon” we mean a causal scalar field with an effective 
Dirac-Born-Infeld (DBI) action emerging from the low coupling limit of non- 
perturbative string theory. 

We leave the reader to textbooks such as pH ED for an introduction to 
standard cosmology. See also ESI for a review of SR inflation. 


1.3 Not only extra dimensions 

In addition to the brane conjecture, one can insert other exotic ingredients, 
borrowed from string and M theory, that may give rise to characteristic pre¬ 
dictions, although at the price of increasing the number and complexity of 
concurring models. For instance, the introduction of a stringy spacetime 
uncertainty relation and the associated noncommutative scale leads to mod¬ 
ifications of perturbation spectra at large scales, can generate a blue-tilted 
spectrum, and modifies the observationally allowed regions in the parameter 
space. Since the uncertainty relation is saturated when a perturbation with 
a particular wavelength is generated, the standard evolution of commutative 
fluctuations is altered and large-scale modes are damped. This might par¬ 
tially explain the low-multipole suppression of the CMB spectrum detected 
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by recent data. 


1.4 Observations 

Early-Universe observations have come to the golden age. The first-year re¬ 
sults of the Wilkinson Microwave Anisotropy Probe (WMAP) [THIIBUI I£T1 B2] 
provided high-precision cosmological data sets from which astroparticle mod¬ 
els can be tested. The observations strongly support the inflationary 
paradigm based on general relativity as a backbone of high-energy physics. In 
particular, nearly scale-invariant and adiabatic density perturbations gener¬ 
ated in single-field inflation exhibit an excellent agreement with the observed 
CMB anisotropies [ESI EH ESI IBS]- Together with the upcoming high-precision 
data by the Planck satellite ra, it will be possible to discriminate between 
a host of inflationary models from observations. 


1.5 Big bang singularity, phantoms, and 
cosmological symmetries 

Recently a lot of attention has been devoted to the symmetries of the cos¬ 
mological dynamics. Transformations of the Einstein equations, encoded in 
the Friedmann relation coupled to the equations of motion for the matter 
content in the Universe, link standard inflationary cosmologies to other pos¬ 
sible phases. These are either contracting periods, ideally embedded in some 
motivated high-energy pre-inflationary framework, or superaccelerating cos¬ 
mologies, a/a > H 2 , dominated by a matter component (called phantom ) 
with and effective equation of state p < —p. Such scenarios are of particular 
interest from both a theoretical and observational point of view, since the 
first one is intertwined with the big bang problem and the resolution of the 
initial singularity, while phantoms might explain modern data on the late¬ 
time evolution of the Universe. Conversely, bouncing events can leave their 
imprint on the large-scale perturbation spectra, while a phantom component 
can arise in a stringy or supersymmetric setup. 


1.6 Plan of the thesis 

The material of this work is arranged as follows. 

Chapter |2] We introduce the patch notation, an approach providing a very 
simple and compact description of braneworld-motivated cosmologies 
with nonstandard effective Friedmann equations. The particular cases 
of Randall-Sundrum and Gauss-Bonnet braneworlds are considered. We 
present a slow-roll formalism generalizing the four-dimensional case; full 
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towers of parameters involving either the inflaton potential or the Hub¬ 
ble parameter are constructed, and the dynamics of standard and tachy- 
onic fields are considered in detail. The inflationary attractor condition 
and exact cosmological solutions are provided. Through all these fea¬ 
tures, scalar-driven and tachyon-driven accelerating eras are compared. 
The original contribution is based on (HH| - 

Chapter [3] This chapter is devoted to cosmological braneworld spectra and 
the observational imprint on early-Universe structures. An impor¬ 
tant aspect is the emerging of a set of consistency relations involving 
some of the most relevant observables, that is the amplitudes and in¬ 
dices of the perturbation spectra generated by quantum fluctuations 
stretched outside the Hubble horizon during the accelerated expansion. 
It is shown that, while the degeneracy between 4D and high-energy 
regimes can come from suitable values of the cosmological observables, 
exact functional matching between consistency expressions is discarded. 
Also, it turns out that CMB experiments of this and next generation 
might be able to discriminate between the standard four-dimensional 
lore and braneworld scenarios. The original contribution is based on 

mmmm- 

Chapter 0 We consider several classes of noncommutative inflationary 
models within an extended version of patch cosmological braneworlds, 
starting from a maximally invariant generalization of the action for 
scalar and tensor perturbations to a noncommutative brane embedded 
in a commutative bulk. Slow-roll expressions and consistency relations 
for the cosmological observables are provided, both in the ultraviolet 
and infrared region of the spectrum. The effects of noncommutativity 
are then analyzed in a number of ways and energy regimes. The original 
contribution is based on mum EH]. 

Chapter |^1 In this chapter we address further theoretical issues and es¬ 
tablish a triality between inflationary, cyclic/ekpyrotic, and phantom 
cosmologies in different patches. The exact dualities relating the four¬ 
dimensional spectra are broken in favour of their braneworld counter¬ 
parts; the dual solutions display new interesting features because of 
the modification of the effective Friedmann equation on the brane. We 
then give some qualitative remarks on phantomlike cosmologies without 
phantom matter. The original contribution is based on H- 

Chapter |6] Discussion, conclusions, and future trends. 

Appendix [Aj A couple of examples of exact Randall-Sundrum solutions 
with late-time constant SR parameters is given. The original contri¬ 
bution is based on ra. 

Appendix [B] A digression on CMB non-Gaussianities in the braneworld 
context. We calculate the bispectrum of single-field braneworld in¬ 
flation, triggered by either an ordinary scalar field or a cosmological 
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tachyon, by means of a gradient expansion of large-scale nonlinear per¬ 
turbations coupled to stochastic dynamics. The resulting effect is iden¬ 
tical to that for single-held 4D standard inflation, the nonlinearity pa¬ 
rameter being proportional to the scalar spectral index in the limit 
of collapsing momentum. If the slow-roll approximation is assumed, 
braneworld and tachyon non-Gaussianities are subdominant with re¬ 
spect to the post-inhationary contribution. However, bulk physics may 
considerably strengthen the nonlinear signatures. These features do not 
change significantly when considered in a noncommutative framework. 
The original contribution is based on [iQjjj. 
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Yet it is possible to see peril in the finding of ultimate perfection. It is 
clear that the ultimate pattern contains its own fixity. In such perfec¬ 
tion, all things move toward death. 

— Frank Herbert, Dune 


2.1 Motivations 

How to deal with the physics of extra dimensions? Are there sensible cosmo¬ 
logical setups involving branes and other exotic ingredients? The answer to 
both questions is not unique, since there are many interconnected approaches 
by which to treat the braneworld (23J- Here we will adopt the point of view 
of a cosmological observer living on a brane, which is a convenient place to 
put ourselves in if we want to predict what phenomena can be observed in 
the sky. 

In particular, we shall consider the patch formulation of brane cosmology, 
in which the effective Hubble parameter H = a/a experienced by an observer 
on the brane is assumed to depend on some power of the brane energy density 
p, H 2 oc p q . The advantages of this approach are several. First, it provides 
a concise and versatile formalism to explore different cosmological models 
and determine their main features, such as exact classes of solutions, the 
inflationary attractor, and the inflationary imprint on the structure forma¬ 
tion of the early Universe. Second, it allows to treat standard and tachyon 
cosmologies on the same ground, since the equations of the latter are given 
by a particular limit of braneworld equations. 

As the quotation hints, the patch formalism is far from being the ultimate 
or even the best framework in which to study the cosmology of extra dimen¬ 
sions. Nonetheless, from one side the advantages in using it are compared 
with the precision of modern observations; from the other side, the small 
effort in its formulation is well repaid by the insight into a great number of 
physical properties. 


9 


10 


2. Patch cosmology 


This model has been used to describe the post-inflationary evolution and 
in this case has been dubbed “Cardassian cosmology” jHHl EM II00111011II 021 
Ena mu mu cm cna una em inni cm uni. Here we will take a rather 
different perspective, and ask how a period of nonstandard expansion can 
modify the usual early-Universe picture. Apart by the author, commutative 
patch cosmology was considered, e.g., in mmmm- 

2.1.1 Gauss-Bonnet braneworld and energy patches 

In braneworld scenarios the visible universe is confined into a (3+1)- 
dimensional variety (a brane) embedded in a larger noncompact spacetime 
(the bulk). This setup is motivated by M theory as a low-energy product of 
a dimensionally reduced 11D supergravity to a 10D string theory, down to 
a 5D effective gravity [SI EJ 0 El 13 lllbl I117| (see also map- The resulting 
11D manifold is AdS ,5 x XIcy, where the brane is located at the fixed point 
y = yb of the Z 2 symmetry in the 5D anti de Sitter bulk and the other six 
dimensions are compactified on a Calabi-Yau 3-fold X C y • The 5D gravita¬ 
tional coupling is related to the 11D one by n 2 = 87 r/m 3 = nh/Vcy, where 
Vcy is the internal volume of the Calabi-Yau space and Ajq = M~ 9 encodes 
the fundamental string mass . 1 For the case of branes in a 6 D bulk, see, e.g., 

mimm- 

One of the first problems one has to deal with when constructing such 
models is how to stabilize the extra dimension. This can be achieved in 
a number of ways; in the Randall-Sundrum (RS) example, Goldberger and 
Wise have provided a mechanism according to which a 5D massive scalar is 
put into the bulk with a potential of the same order of the brane tension 
A |1 221 1~23 1~24 . II251II 26j . If the energy density p on the brane is smaller 
than the characteristic energy of the scalar potential, p/V p/X < 1, 
then the radion is stabilized and one gets the standard Friedmann equation 
H 2 oc p. On the contrary, if the brane energy density is comparable with 
the stabilization potential, p/X > 1, the bulk backreacts because it feels the 
presence of the brane matter, the minimum of the potential is shifted, and the 
well-known quadratic corrections to the Friedmann equation arise [Hal EH: 

n 2 = 5a p(2A + p) + £ ’ (2 ' 1) 

where = 8n/m\ includes the four-dimensional Planck mass m 4 ~ 
10 19 GeV, and £ = const is the dark radiation term which is the time¬ 
time component of the five-dimensional Weyl tensor projected on the brane. 
Gravity experiments impose the bulk curvature scale to be < 1 mm, that is 
m 5 /t 10 8 GeV and A 1//4 > 10 3 GeV. We will neglect the dark radiation term 
since during inflation it is strongly suppressed (see below). 


1 We use the natural units c = 1, h = 1. 
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The RS model can be viewed as an intermediate scenario between a “pure 
Gauss-Bonnet” high-energy regime, H 2 oc p 2 / 3 , and the standard 4D (low- 
energy) evolution, H 2 oc p. The five-dimensional bulk action for the Gauss- 
Bonnet (GB) braneworld is 


S 


1 


2«1 


[R - 2A 5 + a ( R 2 - 4+ R^ pa R^ pry )\ 

+ Sd + ^matter • (2-2) 


Here, is the five-dimensional gravitational coupling, g 5 is the determinant 
of the 5D metric, R is the 5D Ricci scalar, A 5 < 0 is the bulk cosmological 
constant, and a = 1/(8p 2 ) > 0 is the Gauss-Bonnet coupling, where g s is 
the string energy scale. The action includes a pure geometrical boundary 
term Sg and the matter contribution which is confined on the brane. The 
gravitational part of the action is a natural generalization in five dimensions 
of the Einstein-Hilbert action (see 03 for a general discussion), since it is the 
only extension giving a second-order symmetric divergence-free tensor and 
field equations that are second-order in the metric 023- From a fundamental 
physics point of view, it comes from a'-leading-order quantum corrections 
to gravity in the heterotic string effective action [ 128j . In particular, in 
the Gauss-Bonnet theory graviton interactions are ghost free and spacetime 
perturbations are wavelike. 

A cosmological solution of the theory can be found via a 5D warped metric 
such that its projection on the 3-brane is FRW-like, Eq. (in. Assuming 
a perfect fluid 2 matter and a Z 2 symmetry across the brane, the effective 
Friedmann equation on the brane is Hanoi S3 


2 c_|_ T c_ — 2 


H z = 


8 a 


(2.3a) 


where H is the Hubble parameter and, defining yja /2 k| = d 0 1 , 

1 2/3 


C± = 


\/(l + 4aA 5 /3) 3/2 + (6/do) 2 ± 8/8 0 


(2.3b) 


5 is the matter energy density which we will assume to be decomposed into 
a matter contribution plus the brane tension A: 8 = p + A. Expanding Eq. 
(EH to quadratic order in 5 one recovers the Friedmann equation of the 
Randall-Sundrum type 2 scenario with vanishing 4D cosmological constant, 
provided 


k. = 


6K4 


1 + 


A = 


2an\ 


X 4 \ 

6 k 2 ) 


1 / 2 ' 


2 A 4D perfect fluid with energy density p and pressure p is isotropic in its local rest 
frame, its energy tensor being diagonal and proportional to the pressure p in its spatial 

projection: T 00 = p, = —p$v. In the case of a confined fluid, the 5D energy-momentum 
tensor is T^ v oc S(yb) diag(p, —p, —p, —p, 0) M!y , where yb is the brane position along the 
extra direction y. 
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We can now recognize three main energy regimes resulting in particular limits 
of the Friedmann equation: 

1) 8/So 1 : In this pure Gauss-Bonnet high-energy regime, we have a 

nonstandard cosmology 

/ K 2 \ 2/3 

H2 ={^k) ^ ^ 

2) X/8 0 <C 8/8 0 <C 1 : When the energy density is far below the 5D or 
string scale but A, we have a Hubble parameter 

< 2 - 5 > 

3) p/5o -C 6/ So -C 1 : The standard four-climensional scenario is recovered 
when the brane grows stiff with respect to its matter content, p -C A: 

# 2 = fp. (2-6) 

The Friedmann equation Q and its energy approximations are plotted in 
Fig. O 


Figure 2.1: The. Hubble parameter as a function of the energy density in 
the Gauss-Bonnet scenario and its energy approximations. The solid line is 
the full Gauss-Bonnet cosmology [Eq. 12.31) 1. the lower dashed line is the 
high-energy Gauss-Bonnet regime [Eq. and the upper dashed line is 

the full Randall-Sundrum regime. 

Equations are considerably simpler than the full Gauss-Bonnet 

equation & and in many practical cases one of the three regimes is as¬ 
sumed. Therefore it can be useful to study a cosmological patch, that is a 
region of time and energy in which 

H 2 = fiffl , (2.7) 

where q is constant and /3 q > 0 is a constant factor with energy dimension 
\/3 q ] = E l ~ 2q . Then, q — 1 in the pure 4D (radion-stabilized) regime, q = 2 in 
the high-energy limit of the RS braneworld, and q = 2/3 in the high-energy 
limit of the GB scenario. 

The resulting dynamical equations can be applied to any case of interest, 
let it be a particular limit of either the Gauss-Bonnet braneworld or other 
scenarios where nonconventional physics modifies the cosmological evolution. 

The parameter g, which describes the effective degrees of freedom from 
gravity, could live in a nonstandard range of values because of the introduc¬ 
tion of nonperturbative stringy effects or, just to mention some possibilities, 
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for the presence of a complicated geometrical framework with either compact 
and noncompact extra dimensions, multiple and/or folding branes configura¬ 
tions, higher-derivative gravities f plUanirmlj and references therein), and 
so on. In the latter example |129 j. one can consider a class of 4D gravitational 
actions like 



( 2 . 8 ) 


where f(R ) is an arbitrary function of the Ricci scalar. It turns out that 
one can construct suitable expressions for f(R ) and get Eq. (12.71) in the 
appropriate limit. The case 


f(R) = R- (sinlii?)- 1 , 


(2.9) 


is of particular interest, since in the limit of small curvature R (late times, low 
energy) one gets H 2 « p _1 and can explain the present (super?)acceleration 
of the Universe. To the author’s knowledge, so far this is the only concrete 
example of cosmologies with negative q. We will come back to this point in 
Sec. 15.41 

When considering a five-dimensional braneworld, bulk moduli modify the 
Friedmann equation on the brane. In general, to a given orbifolded 5D space- 
time and matter source confined on the brane there will correspond a set of 
junction conditions determining the matter-gravity interaction at the brane 
position. Conversely, one can always construct a bulk stress tensor such that 
Eq. (12.71) holds for some q H321; this is because the junction conditions 
have enough ((/-dependent) degrees of freedom at a fixed slice in order to ar¬ 
range a suitable expansion. In fact, the braneworld alone is not sufficient to 
fully determine the observable physics and some fundamental principle (e.g., 
AdS/CFT correspondence) should be advocated from the outside in order to 
sweep all ambiguities away |133j . Dealing not with such elegant principles, 
we shall keep the following discussion on a phenomenological level. 

Anyway, a patch formulation of the cosmological problem provides a com¬ 
pact notation for many situations. If braneworld corrections are important 
in the early Universe, one can follow the cosmological evolution through each 
energy patch in a given time interval where the patch approximation is valid, 
that is, far from transitions between patches; in fact, the Hubble parameter 
will be a more or less complicated function of the energy density, say Eq. 
El, with smooth transitions from an energy (and SR) regime to the other. 
Moreover, the case of Eqs. El and El does not lie within the braneworld 
picture since the only requirement is that there exists some fundamental the¬ 
ory which modifies general relativity at the scales of interest. In this sense 
the patch formalism is more powerful and unifying than expected from the 
very simple ansatz Eq. El, in origin devised as a high-energy correction 
typical of RS and GB braneworlds. 
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2.1.2 Patch cosmology 

In the rest of this work, we investigate the properties of a single flat energy 
patch with general effective Friedmann equation (EH). In order to simplify 
the framework, we make the following assumptions: 

1) There is a confinement mechanism such that matter lives on the brane 
only, while gravitons are free to propagate in the bulk. This is guaran¬ 
teed as long as p < 

2) The contribution of the Weyl tensor is neglected. 

For a perfect fluid with equation of state p = wp , assumption 1 allows the 
continuity equation 

p + 3H(p + p) = 0. (2.10) 

This is equivalent to the local covariant conservation of the energy- 
momentum tensor . 3 

Assumption 2 closes the system of equations on the brane and sets aside 
the nonlocal contributions from the bulk. To neglect the projected Weyl 
tensor implies that there is no brane-bulk exchange. The converse is not 
true: Given a standard continuity equation on the brane, the Friedmann 
equation still can get an extra dark-radiation term. In fact, in the case of 
brane-bulk interaction through a nondiagonal stress-energy bulk tensor, the 
complete continuity equation is 

p + 3Hp(l + w) + r B = 0 , (2.11) 

where r# is the 05-component of the bulk tensor lEMES]. Suppose that 
the Friedmann equation (EH) acquires a time-dependent correction 

H 2 = p« + X b , (2.12) 

where we have set (3 q = 1 and ys(t) is an unspecified function. Then the 
equation of motion for \b reads 

Xb + <?[3#(1 + w) + t b/p\xb = H 2 [3qH(l + w) - 2 He + qr B /p\ , (2.13) 


where 

dlnH _ H 
d In a H 2 


(2.14) 


We conclude that even when the bulk is empty, tb = 0, %#(£) may not vanish 
identically. For some studies on brane-bulk interactions, see jl38l H39l HiOl 

mmmmm- 

The requirement of a negligible Weyl contribution might seem too restric¬ 
tive and spoiling almost all the interesting features of the model. However, 
bulk physics mainly affects the small-scale/late-time cosmological structure 
and can be consistently neglected during inflation. This is a highly nontrivial 


3 For the case of five-dimensional inflation, see miinnnnsum 
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result which has been confirmed with several methods both analytically and 
numerically dm cm nm cm ma cnu . Intuitively, the RS dark radiation 
term, which is the simplest contribution of the Weyl tensor, scales as a -4 and 
is exponentially damped during the accelerated expansion. In the following 
we will set \b = 0. 

Differentiating Eq. (E3) with respect to time and using Eq. mn> , one 
gets 

e = | q(l + w). (2.15) 

The exponent 

0 = 2^1-^, (2.16) 

is shown in Fig. 12.21 it allows to rewrite Eq. (12.711 as H 2 6 = f3q e p. Actually 
the parameter 9 can be extended to a function 9(p) interpolating between 
the RS and GB high-energy regimes & This is another (although partial) 
justification for keeping the discussion in the general case 9 G M \ {2}, and 
not only in the discrete set 9 G {0,1, —1}. 


Figure 2.2: The parameter 9(q). The three cosmologies described in the text 
are: high-energy Gauss-Bonnet [9( 2/3) = — 1], standard four-dimensional 
[9(1) = 0] and high-energy Randall-Sundrum [6(2) = 1/. 

If one imposes the dominant energy condition, p > \p\ (w > — 1), Eq. 
states that the Hubble length 4 R H = H 1 is monotonic during its time 
evolution, increasing if q > 0 (the lower branch with 9 < 2) and decreasing if 
q < 0 (9 > 2). On the contrary, the particle horizon R c (t) = aft) J[ dt'/a(t') 
csa, which defines the causally connected region centered in the observer, 
is always increasing in an expanding universe, R c — 1 + HR C > 0, and its 
comoving counterpart is always increasing also, (R c /a)' > 0. We will denote 
with a subscript 0 any quantity evaluated at the reference initial time t 0 . For 
a constant index w, 

fa\~ 3{1+w) 

p=p °U • (2 - 

while the scale factor is 

aft) = do [1 + eH 0 (t — to)] 1//f • (2-18) 

Thus an expanding (H > 0) solution with q < 0 and satisfying the dominant 
energy condition represents a superinflationary 5 (H > 0) expanding universe 
in a “pre big bang” era with time running from t 0 to eventually t = t 0 — 

4 The Hubble length is the proper distance from the observer of an object the observer 
sees moving with the cosmological expansion at the speed of light. 

5 With standard FRW equations, q = 1, superinflationary models are those with w < —1 

& 
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l/(eH 0 ) > to, where one encounters a singularity with infinite scale factor 
and vanishing energy density. Since any patch should be regarded as a model 
with a limited time interval of validity, its long-range evolution is a true 
problem only for well-established regimes. Anyway, we will consider only 
positive q, which is the case of all the known realistic cosmologies, and come 
back to this issue in Chapter 0 

For q > 0, the Hubble length is always nondecreasing; therefore, e = 
R h > 0. Moreover, we have a precise definition for the beginning of the 
inflationary era, since 

— = (1 — e)H 2 . (2.19) 

CL 

A necessary and sufficient condition for inflation to start is e(t) < 1, or, for 
the barotropic index 

2 

w = — e-1, 

3 q 

w(t ) < 2/(3 q) — 1. The end of inflation is set by e(t end ) = 1. 

Whenever cosmological equations can be applied both in the scalar and 
tachyon case, the inflaton field will be generic-ally indicated as 0. Table l2~TI 
summarizes the three main cosmological regimes. For completeness, we have 
also shown the de Sitter (dS) solution with constant Hubble parameter, when 
H — fj 0 — const, a/a = > 0, and inflation is driven by a cosmological 

constant with equation of state w = —1. Also, this case can be obtained 
via the formal limit q —> 0. The de Sitter regime is the idealization of the 
extreme slow-roll (ESR) approximation, 0 ~ 0. In this regime, the kinetic 
term of the scalar action is subdominant with respect to the potential itself 
and H « p q V q / 2 . 



Regime 

Q 

e 


w max 

dS 

0 

oo 

H 2 

-1 

GB 

2/3 

-1 

(k 2 / 16a) 2//3 

0 

RS 

2 

1 

K4/6A 

-2/3 

4D 

1 

0 

k 2 J 3 

-1/3 


Table 2.1: The energy regimes described in the text. The de Sitter case can 
be seen as the asymptotic cosmology with q —> 0. Here, u> max is the maximum 
value for the barotropic index flPDD allowing inflation. 


2.2 The inflationary setup 

2.2.1 The ordinary scalar field 0 

In the following we will consider an expanding four-dimensional FRW flat 
universe filled with a minimally coupled homogeneous scalar field with energy 
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density and pressure 


p = ±0 2 + R(0), (2.21) 

P = (2.22) 

and effective equation of motion 

0 + 3ET0 + R' = 0, (2.23) 

where V (0) is the potential of 0, dots stand for synchronous-time derivatives 
and a prime denotes 0 derivative. From Eq. (I2TT51) . 

H = -\q(3 2 - e H d 4> 2 ; (2.24) 

equivalently, we can regard H as a function of 0: 

ff = -K"V, (2-25) 

where the last passage is possible if 0 varies monotonically with time. Equa¬ 
tions (EH). EH1 and (12.211) then give 

2 H' 2 

(3 q(3 2 ~ e ) 2 H 2e 

Equations EH)- Em and (10(1 are the cosmological equations in the 
Hamilton-Jacobi formulation; they are in agreement with the equations found 
in the low energy limit [TH11ITKK] . in the Randall-Sundrum high-energy limit 
[GB], and in the Gauss-Bonnet high-energy limit m- 

2.2.2 The cosmological tachyon T 

The deep interplay between small-scale nonperturbative string theory (espe¬ 
cially in the effective Born-Infeld action formulation) and large-scale brane- 
world scenarios has raised the interest in a tachyon field as an inflationary 
mechanism p8l[T59| . Subsequently, the problem has been studied in a more 

cosmological fashion dm cm cm cm cm da cm cm mm cm cm 

cm cm urn cm ma cm mu dza ina urn uni cna cm mu cm urn 
da dsi cm cm cna cm cm cm cm cm cm cm cm cm ma- 

Throughout this paper, a “tachyon” is by definition any scalar held T with 
effective action S — f d 4 x C and Lagrangian [H3 DSD, I202L 21J3 . 2TU . '2TIh J 

£ = —V(T) yj- det - f(T)d,Td v T\. (2.27) 

Here, g tiu is the induced four-dimensional FRW metric on the brane, T is a 
real scalar held with dimension [ T} = E l . f is a function of T, and V is 
the potential, which is exact to all orders in the Regge slope a 1 but at the 


2-e 


— +V = 0 


( 2 . 26 ) 
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tree level in g s . Without loss of generality we will assume that f(T) = 1 
and T = T(t) is homogeneous and monotonic, say, T > 0. In the case of a 
D — D system, the field T is complex due to the Chan-Paton structure, but 
many of the following arguments will hold in this case too. Often, the tensor 
Gfj, v = (jfuj — dyTd v T is called the tachyon metric. 

We will leave the exact form of the potential unspecified, except in Sec. 
E2 if V were constant, the model would correspond to a brane filled with 
a Chaplygin gas, p = —V 2 /p, which at late times behaves as an effective 
cosmological constant (e.g., |Ml2TT7j h Otherwise, in general the potential 
will have a maximum at To = 0 and a local minimum V(T*) = 0 either at 
finite T* or at infinity. In the latter case, there are no oscillations and a 
reheating mechanism appears difficult P%llTT5j . 

The tachyon energy density and pressure read, respectively, 


P 

P 


V(T) 

cs 

-V(T)c s 


V 2 (T) 

* 

P 


(2.28) 

(2.29) 


where 

cs = V—w = V1 — T 2 , (2.30) 

is the speed of sound. Note that when T 2 —> 1, the tachyon behaves as a 
pressureless gas. The continuity equation (EDD gives the equation of motion 


T 

- — j^ + 3HT + U' = 0, (2.31) 

where U = In V (T) is differentiated with respect to T. Equation (12.1 51) then 
gives 

Jp = ~ llT. (2.32) 

By this equation and Eqs. (EH) and firm we have 


4 H' 2 fH\ 2{2 ~ 6) 2 

( 3 qpyy H*> \p q ) 

Equations E3). dOl and firm are the Hamilton-Jacobi equations for the 
tachyon; they agree with [ThTHToTj . 

We can give a physical interpretation of the tachyon Lagrangian (IT271) . 

that in our case is _ 

£ = -a 3 Hy/l - 2e/(3 q ). (2.34) 

The first thing to note is that, if V ^ 0, the Lagrangian is defined only for 
e < 3g/2. This implies that all the cosmologies with q < 2/3 and a tachyon 
on the brane with the above nonzero effective Lagrangian experience an ac¬ 
celerated expansion, 6 while those with q > 2/3 can be either accelerating or 

6 This may be an early-Universe inflationary phase as well as the present acceleration 
period. 
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decelerating, depending on the evolution of e. The Gauss-Bonnet high-energy 
regime is the limiting case; this fact suggested a scenario with an interest¬ 
ing role for the tachyon [32], which however seemed to have some problems 
HH3- Suppose that q < 2/3 and, at some time £*, the accelerated phase 
stops, e(f*) = 3g/2: then the tachyon action vanishes. In a string-theoretical 
framework, when the tachyon reaches the minimum of the potential, the un¬ 
stable D-brane on which it lives annihilates and decays into the closed string 
vacuum. Put into another language, in the limit e —> 3g/2, the tachyon 
metric becomes asymptotically Carrollian, G jlv ~ —a 2 diag(0,1,1,1). This 
property, called Carrollian confinement [ 180 , 208j . holds for other tachyon 
effective metrics. Since in the Carroll limit there is no signal propagation, 
again the string interpretation is that no open tachyonic modes can propagate 
after the condensation (see also |21). 

On the other hand, it can be seen that the vanishing of the Lagrangian 
(12.3411 is not the end of the story by reformulating the theory in the canonical 
formalism [205] , Defining the conjugate comoving momentum density 


„ 1 dC Vf ■ 

Ht = — 1 =—~ — — , — pT , 

V=gdT y/T^T 2 

the density Hamiltonian TL = p in the canonical variables is 


(2.35) 


H = n t T -C = y/ n 2 , + V 2 , (2.36) 

which is well defined in the condensation limit. Moreover, in string theory 
the absence of perturbative open modes translates to the fact that, near the 
minimum of the potential, the string coupling g s = 0(1), and the effective 
action description might fail down. Possibly, in a cosmological-brane context 
the vanishing of the tachyon action is a fictitious effect coming from the sim¬ 
plified FRW equation £3 and the associated dynamics. Actually, a more 
realistic model would have some implemented mechanism by which, and de¬ 
pending on the position of the minimum of the potential, the consequent 
cosmological evolution would experience a (pre) reheating phase, or a tran¬ 
sition to a scalar-driven inflation, in a time interval centered in f*. Similar 
considerations hold when q > 2/3 and the Hubble parameter goes through a 
boost of the growth rate, recovering late post-inflationary cosmology. 

Soon after the first proposal by Gibbons fTHoj . it became clear that the 
cosmology based upon a rolling tachyon suffers from a number of other 
problems, including a small number of e-foldings, a difficulty of reheat¬ 
ing, and a large amplitude for density perturbations, that can be traced 
back to some fine-tuning requirements on the parameters of the model 

dm EM EM EM EM EM EM EH2 EM- Lately it was shown in dm 

that the problem of large density perturbations is solved by considering a 
small warp factor in a warped metric. In addition, the problem of reheating 
is overcome by accounting for a negative cosmological constant which may 
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appear by the stabilization of modulus fields PEI- Finally, tachyon infla¬ 
tion can help hybrid inflation to take place with natural initial conditions. 
By these reasons, it is premature to exclude the tachyon as a candidate for 
inflation. 

2.3 The slow-roll formalism 

According to the inflationary idea, an era of accelerated expansion is driven 
by a scalar field slowly “rolling” down its potential into a local minimum. 
The use of the slow-roll formalism simplifies the study of 

many consequences of inflation; however, it can also be considered as an effec¬ 
tive notation for some recurrent dimensionless combinations of cosmological 
quantities, without imposing any condition on their magnitude. We will keep 
calling these parameters “slow-roll” in this case, too. The most commonly 
used SR towers rely upon two different quantities, the geometrical Hubble 
parameter H and the dynamical inflaton potential V. We will name these 
towers H-SR and V-SR, respectively, and explore some of their properties in 
the general cosmology cm ). Other SR towers can be constructed for partic¬ 
ular cosmological scenarios or analyses mmmmmmm . We 
will also consider what happens in the case of a tachyonic field. 

The notation we will use is the following. A subscript V will denote the 
V-SR parameters, while the inflaton field will be indicated by its symbol as a 
subscript. Expressions valid for both the scalar fields will bear no subscript, 
save eventually V. 

2.3.1 H-SR parameters for an ordinary scalar field 

The H-SR tower is defined as 


(2.37a) 



n > 1, (2.37b) 


where (n) is the nth 0 derivative. For a scalar field, the first three parame¬ 
ters, which are those appearing in all the main expressions for cosmological 
observables, are 



(2.38) 


d In 0 


(2.39) 


din a Hcj) ’ 



(2.40) 











2.3. The slow-roll formalism 


21 


The condition e -C 1 (ESR regime) permits to neglect the first term in the 
left-hand side of Eq. G23h that can be recast as 



(2.41) 


while r/ 0 1 -C 1 is equivalent to assume the attractor solution 0 ~ —V'/3H 
from Eq. (1031) . During our calculations, formulas containing the smallest 
power of any of these parameters will be referred to as “first order SR.” At 
first order SR it is possible to drop the second derivative in the equation of 
motion flop , the Hubble parameter can be considered almost constant, and 
the expansion becomes nearly exponential. This approximation is precisely 
the ESR one. 

Consequently, all the dynamical information is encoded in the SR param¬ 
eters. Equation (12.241) can be rewritten in terms of e, giving 


2e* (H\ 2 ~ e 

3g VAJ 


(2.42) 


Thus the scalar field behaves almost like an effective cosmological constant 
in the SR approximation, w > —1. 

Noting that H = —HHide^ + 2%), we have 


<4 = 2 He^ e* - rj^J , 

'ih = H ( e <i> r h ~ Q ■ 


Differentiation with respect to the scalar field yields e' 0n 
EH , the resulting prefactor H/cj) can be expressed as 

1/2 


H 


H e 


(2.43) 

(2.44) 
; by Eq. 


(2.45) 


where the plus sign has been chosen in order to have a slow rolling down the 
potential with 0 > 0. This is always possible by a redefinition 0 —> —0. 

A final comment is in order: when defined, a SR tower is dynamical (i.e., 
does say something about the dynamics of the Hamilton-Jacobi equations) 
either when constraints on the form and magnitude of the SR parameters are 
applied, or when distinct SR definitions are related through the Hamilton- 
Jacobi equations themselves. For example, the H-SR tower relies on the 
parameter e, which is its fundamental ground; as far as one does not assume 
any specific link between the Hubble parameter (and its derivatives) and the 
fields living on the brane, it is clear there will be no knowledge about the 
evolution of the system. However, when rewriting these H-parameters in 
terms of 0 through the second Hamilton-Jacobi equation, these parameters 
become dynamical. This ambiguity may lead to confusion in some situations; 
an interesting discussion on related issues can be found in i m 
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2.3.2 V-SR parameters for an ordinary scalar field 

The H-SR hierarchy is an elegant instrument of analysis coming from the 
Hamilton-Jacobi formulation of the equations of motion. However, in many 
cases investigation starts from the inflaton potential V and not from the 
Hubble parameter, whose shape must be determined by the Hamilton-Jacobi 
equations which are not always readily solvable. So, it is convenient to define 
another SR tower and try to relate it to the original one, namely, 


0 — 


c <l>v,n — 


q V' 2 
60 2 V 1+g ’ 


30 2 L 


y(n+l) ry/\n-l 
ynq 


1/n 


n > 1, 


(2.46a) 

(2.46b) 


where again we have introduced the first parameter by hand. Therefore [222!]. 


pv — e </>v,0 j 


(2.47) 

% v = £<i>v, 1 = 

1 V" 

(2.48) 

3 (3 2 Vi ’ 

f 2 = e 2 - 

1 V"'V' 

(2.49) 

(3d 2 ) 2 V 2c i ’ 


and their derivatives with respect to the scalar field are 


e 


/ 

<t>V 




V' 

q v 

Q 



y [^tvVtV j 


(2.50) 

(2.51) 


where 


V_ 

V 




1/2 


(2.52) 


The conditions 6 V € 1 and \r] v \ -C 1 are necessary to drop the kinetic 
term in Eq. (ED and the acceleration term in Eq. (12.2311 . but they are 
not sufficient. In general, this SR formalism requires a further assumption, 
namely, 0 ~ —V'/3H, which is easy enough to be satisfied. This determines 
the minus sign in Eq. (12.521) . provided 0 > 0. 


2.3.3 H-SR parameters for a tachyon 

In the tachyonic case, the first H-SR parameters are [see Eq. jni] 
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Equation (12.5311 shows that tachyonic inflation is similar to /c-inflation (2231- 
The condition e T Cl corresponds to neglect the derivative term in Eq. ECU 
and set H 2 ~ /3 2 V q \ using Eqs. (12.71) . (12.281) and (12.5311 . one gets 


V 2 (T) 



(2.55) 


However, the expression for is not very precise from a dynamical point of 
view because the equation of motion has now a factor 1/(1 — T 2 ), attached 
to the second derivative, that should be taken into account when neglecting 
the acceleration term. This suggests to redefine the SR tower by introducing 
“covariant derivation” with respect to the tachyon metric: 


e T, 0 — 


C T.n. — 


e = e. 


n 

i =1 


d In 


y/i-T* 

V H e 


H' 


(*-1) 


1/n 


1 — T 2 


n f ^ din 


n 

i =1 


, (i-l) 


din a 

1/n 


(2.56a) 


(2.56b) 


w 


din a 


n> 1, (2.56c) 


where in the last passage we have used Eqs. (O and (EH - From Eq. 
mm we have 


V = e r,i = 

P = e 2 ~ 

S — t T, 2 — 


1 T 


1 - T 2 HT ’ 

1 1 (f 


l-f 2 H 2 \f) (l-T 2 ) 2 id 2 T 


T _ 2 

-T) 


(2.57) 

(2.58) 


Since T oc e 1 / 2 , one can express any T derivative as a time derivative with a 
purely geometrical factor in front. For example, t Tn = e TjTl >/3 q/ (2e). These 
expressions carry an extra contribution due to the adopted SR definition, 
by which r) ~ 0[e( 1 + € + ••■)]. If one wants to keep the spirit of the SR 
expansion, and neglect by definition these next-to-lowest order terms, one 
may trade Eqs. (ICT1) and (12.371) for an intermediate definition, by dropping 
the overall factor in Eq. (I2.56cl) . 


£ T, 0 
^T,n 


n 

n 


din [{H'H- 2 )^] 


1/n 


(2.59a) 


din a 


(2.59b) 
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2. Patch cosmology 


Applications of this SR tower will be seen in the following sections. Since 
tj t = — T/(HT ), one gets 


6 t — 

2 H ? 

(2.60) 

Vt = 

H (e T r) T - 4 2 ) . 

(2.61) 

2.3.4 V-SR parameters 

for a tachyon 


From the SR approximation T ps 

! —U'/3H and Eqs. 

(12.531) and (12.601). we 

can guess the SR parameters as functions of V : 



q U' 2 

(2.62) 

£tv — 

6/? 9 2 V q ’ 

Vtv = 

1 U" 

Ctv + 3/3 ? 2 y q • 

(2.63) 


The complete SR tower comes from the Hubble tower by substituting e T with 
e TV and putting H = /3 q V q / 2 , thus getting 


^tv, 0 — ^tv 


c TV,n — 




( U') 


f\n— 1 


ynq/2 l ynq/2 


U' 


(n) 


1/n 


n > 1 . 


Different SR parameters can be found in mm- Note that 

e' T v = qU'rj TV , 

g v = qU’ (vrv + . 


(2.64a) 

(2.64b) 


(2.65) 

( 2 . 66 ) 


2.3.5 SR towers and energy dependence 

It is possible to relate the two SR towers by some simple energy-dependent 
relations. Here we will restrict ourselves to the first three parameters and 
define f = l/3q. From Eq. (12.411) we get the exact relation 




(3 - v*y 


* v 9 (1 - fe,Y+ q ' 
Then, noting that V 1 = — 3) and 

V" = H\zfa + Vt ) - rS - ® , 


(2.67) 


( 2 . 68 ) 


Vw 


(e* + V*) ~ + Q 

(! - f^) q 


one has 


(2.69) 
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Finally, noting that V'" = -3(6^ + 3e^ + £);).H 3 + 0(e 3 ), we obtain, to first 
H-SR order, 


£</> ~ ^ 4 ,v ) (2.70a) 

7 ® ~ ~ , (2.70b) 

£,> ~ Cjk — 3 e^vV&v + (3 — 9)6^ . (2.70c) 


These equations allow us to shift from one hierarchy to the other, accord¬ 
ing to the most convenient approach. Both the SR towers show an explicit 
dependence on the energy scale because of the definitions, Eqs. mm and 
mm - Sometimes, this energy dependence can be hidden by proper manipu¬ 
lations of the definitions; however, when differentiating SR parameters, Eqs. 
(ESI) and CUD. the resulting SR combinations contain some factor q. 

In the tachyon case, from Eqs. (lT55lh (ESI and (ECU) one has 


Then, using 


we get 

Tjrv — 


£tv — 


Vt 


1 2 


(1 - 2 fe T )ie [ 6(1 - 2 fe T ) 


= y« + £), 


Vt 


H 




(^tVt £t) 1 


H' = 





2 / 


Vt 


(1 - 2fe T ) q / 2 [ 
Hence, to first H-SR order, 


2e T y T - v 2 t - Q _ (24/ + l)e T y 2 T 
6(1-2 fe T ) 36(1 — 2f e T ) 2 


Vt 


Vtv ) 


/ T ~ £, tv + 3e TV y TV . 


(2.71) 

(2.72a) 

(2.72b) 

(2.72c) 

(2.72d) 

(2.73) 

(2.74a) 

(2.74b) 

(2.74c) 


2.3.6 All in a patch 

We can treat the ordinary scalar and the tachyon on the same ground by 
introducing the parameter 


9 

9 


9 for the ordinary scalar, 

2 for the tachyon. 


(2.75a) 

(2.75b) 
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2. Patch cosmology 


The Hamilton-Jacobi equations (Oil) and are equal up to a second- 

SR-order term. They read 


v(t) = ( 1 - ^ + (o - o ) 0(e 2 ), 


and 


(2.76) 

(2.77) 


H'{$) a'{ip) = -| qfd 2 e H e+1 (ip) a(ip) , 

where ip = (j),T. 

We can see that one can construct the H-SR tower of the tachyon dy¬ 
namics from the scalar-field H-SR tower and vice versa. Equation flnnp is 
formally the same as Eq. (12.3711 when expressed as a function of the velocity 
field ip: 

-eHn^* -1 )] 


e ^,n 


n 

2—1 


din a 


Then 


e = 


V = 


e = 


2 f3 e ~ 2 fH' 


3 qP 2 ~ e ^ 

2 H 2 ~ e 3 q H 9 \H 
cl In ip ip 


d In a 

't 
H 2 U 


Hip 


(2.78) 

(2.79a) 

(2.79b) 

(2.79c) 


The evolution equations of the parameters with respect to synchronous time 
are second-SR-order expressions, 


e = He 


2-9 e — 2r7 


V = £ 2 ) . 


(2.80a) 

(2.80b) 


2.3.7 The horizon-flow parameters 

Other definitions of the SR tower may have only implicit energy dependence 
through Eq. (EH). For example, it may be convenient to introduce the 
horizon-flow (HF) parameters [215, ~2Tb j. defined by 


eo 


H ’ 


d In 16j 
= dN 


i > 0 , 


(2.81) 


where H inl is the Hubble rate at some chosen time and N = ln(a/a, : ) is 
the number of e-folds; here t, is the time when inflation begins. 7 As it 

' Note that our definition, which counts N forward in time, is in accordance with 
■2X3, where N(ti) = 0 and goes up to N(t) > 0. This is in contrast with the “backward” 
definition of 1213, where N = In(a//o) is the number of remaining e-folds at the time t 
before the end of inflation at tf. In Secs. !2.4l a,nd lTfil we will adopt the backward notation. 
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was shown in E 2 B. these parameters (and others similarly defined) do not 
properly encode inflationary dynamics even if they provide a good algorithm 
for reconstructing the inflationary potentials. In fact, because of the absence 
of the l/n power, the definition (12.8111 does not permit a power truncation 
similar to that of the traditional SR towers, unless one imposes a constraint 


such as d l+1 H = 0 and d l H ^ 0 , for some maximum i. 

The evolution equation for the HF parameters is given by 

6i = HetCi+i . (2.82) 

The HF parameters are related to the first SR parameters, as 

e 1 = e, (2.83a) 

e 2 = (2-9^e-2r], (2.83b) 

e 2 e 3 = (2 —djV —2(3 —(f)e77 + 2£ 2 . (2.83c) 


2.4 e-foldings and inflationary attractor 


The number of e-foldings, defined as N(t) = f** H{t')dt ', measures the 
amount of inflation from the time t, when a perturbation with comoving 
wave number k{t ) = a{t)H{t ) crosses the horizon, to the end of inflation at 
f*. A typical “good” number of e-foldings is ~ 50 — 70 and many inflationary 
models have quite a larger total N. Sometimes it is useful to perform the 
integral in the cosmological field; from Eq. (I2.79al) one gets 


m 




H ~e+i 

H' 



(2.84) 


where f3 q = 1. Since k{ip) = H(ip)a{ip) = a*H(ip) exp[iV(^)], the logarithmic 
scale dependence of the field is exactly 


dip ip 

dink (1 — e)H 


(2.85) 


The predictiveness of inflation depends on the behaviour of cosmological solu¬ 
tions with different initial conditions. If there exists an attractor behaviour 
such that the differences of these solutions rapidly vanish, then the infla¬ 
tionary (and post-inflationary) physics will generate observables which are 
independent of the initial conditions. Let H 0 (ip ) > 0 be a generic expand¬ 
ing solution (denoted with the subscript o) of the Hamilton-Jacobi equation 
(12.7611 and consider a linear perturbation 5H{ip) which does not reverse the 
sign of ip > 0. From the linearized equation of motion, exactly in the SR 
parameters, the perturbation is 




(2-9) 


1 + 



8H{ip) = SH(ip 0 ) exp 


( 2 . 86 ) 
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2. Patch cosmology 


All linear perturbations are exponentially damped when the integrand is 
negative definite and, since H' 0 and ip have opposing signs when q is positive, 
this occurs when the term inside square brackets is positive. There are three 
cases: 

1) 0 < 6 < 2 (q > 1) : It must be e > —3/6. This condition is always 
satisfied, because e is positive, and it means that all linear perturbations 
die away at least exponentially when inflationary solutions approach one 
another towards the attractor; 

2) 6 — 0 (q — 1) : The integrand is proportional to H 0 /H' 0 < o, and any 
linear perturbation is suppressed; 

3) d<0(0<g<l) : The damping is achieved when e < 3/\6\, that is for 
any inflationary solution with q > 2/5. 

All these cases enclose previous computations in literature: [ 11551 1181j for 
the 4D cosmology, for the Randall-Sundrum high-energy regime, and 
DEI for the full Gauss-Bonnet cosmology. By Eq. (HMD , assuming the 
slow-roll approximation e ~ const, the inflationary attractor translates into 
the condition 

5H{ip) « 6H(ip 0 ) exp [- (3 + Be) N] . (2.87) 

For a given number of e-foldings and 6 > 0 (RS case), we obtain an enhanced 
damping with respect to the 4D case, while for 9 < 0 (GB case) the strength 
of the attractor is somehow milder. In the case 6 > 2 (q < 0), that is when 
H' 0 and ip have concording signs, linear perturbations are suppressed when 
e > —3/6; both the sides of this inequality are negative and in general this 
relation will not be true. When it is satisfied, we obtain an accelerating 
universe with both decreasing Hubble length and energy density, that is 
a superinflationary universe. For completeness we note that, contrary to 
what happens in 4D cosmology, for general q it is possible to have both a 
contracting scale factor and perturbation damping, as it is clear from Eq. 

EBED- 

We will not address the issue of how efficient inflation can be; this prob¬ 
lem has been studied by many authors under several perspectives. For in¬ 
stance, in the 4D regime, a tachyonic inflationary period turns out to be too 
short, with a number of e-folding N = 0(10) and an early nonlinear regime, 
5p/p S> 1 [ 165111661 <168 j. This has suggested the viability of a short tachy¬ 
onic inflation as a means to provide natural initial conditions for a standard 
scalar inflationary period, 8 similarly to what happens in fast-roll inflation 
|225j . In this sense, a tachyon is not sufficient by itself; nevertheless, the 
study of its dynamics is worth of investigation, since in other scenarios, such 
as Randall-Sundrum, things can go better than in the four-dimensional case 
da chi. It is important to stress again that the analysis of this section is 
not sufficient to explore all these topics, since we have little constrained the 

8 Then, this standard inflation lasts a sufficient number of e-folding and dilutes the 
perturbation structure generated by the tachyonic phase. 
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physics involved. This would require the knowledge of the potential and, of 
course, the gravity framework; perhaps, the most dramatic lack is a condi¬ 
tion stating when the confinement of the field on the brane is reliable. These 
considerations are particularly true in the Gauss-Bonnet scenario, in which 
the damping condition is critical; see, e.g., 13S1H37]. 

As a final remark, we note that Eq. EH roughly encodes the effects 
coming from extra dimensions in a term proportional to 9 inside the expo¬ 
nential. For one noncompact extra dimension, this term contributes at most 
±N extra e-foldings, both the sign and magnitude depending on whether 
the bulk physics in a given energy regime either enhances or opposes the 
braneworld inflationary expansion. It would be interesting to interpret this 
result as a general feature of braneworld models and relate the parameter 
\9\ to the geometrical setup of the system (number of extra dimensions and 
noncompact directions, number of branes and their configuration, etc.); this 
check would require concrete gravity models with nonstandard Friedmann 
equations, which is beyond the scope of the present work. 

2.5 Exact solutions 

So far we have left undetermined the form of the potential V( 0). Investi¬ 
gation with a few examples shows that, in general, there exists a mapping 
between scalar and tachyon potentials, in the sense that, chosen a time de¬ 
pendence for the scale factor a(f), from the Hamilton-Jacobi equations (12.4111 
and (12.5511 there can be found potentials that solve exactly the cosmological 
equations in the two cases [163 HEU [TfOj. We are going to see this in some 
detail in this section. The scheme to follow is: ( i) from a(t), find H(t ) and 
the first SR parameter; ( ii ) from Eqs. EH) and (l2~ooll . find V(t); (in) 
from Eqs. El and (12.5311 . find -0(f) and the other SR parameters; ( iv ) 
substitute t = f(0) to find R(0). In general, the initial time to will not be 
the origin of time because each solution will be exact in a given patch and 
not in the entire arc of time from the big bang singularity to, say, the end 
of inflation. For immediate reference, we summarize the classes of solutions 
found for the three main energy regimes in Tables 12.2112.3112.41 and 12.51 The 
space of parameters is chosen in order to have positive g, positive potentials , 9 
real inflaton fields, and a strictly expanding universe; contracting cases will 
be discussed briefly. 

2.5.1 Ordinary scalar field models 

The two classes of models we are going to study have been widely used in 
literature. Let us start with a power-law scale factor, 

Tl 

a(t) — t n , H——, n> 0. (2.88) 

9 Negative potentials have been studied, e.g., in (2251 1226) . Note that the equation of 
motion of the tachyon possesses a symmetry V —» —V. 
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2. Patch cosmology 


Regime C (f>{t) B V (0) 

GB F^ 2 F 

4D In f/f 0 exp(— a/2k |/n0) 
RS2 f 1/2 0 “ 2 


Table 2.2: Exact cosmological solutions for an expanding scale factor a(t) = 
t n and an ordinary scalar field. Here, n > l/3g > 0 and 0 O = 0. B and C 
are proportionality coefficients depending on q and n. 


Regime 

7 

C 0 (f) 

GB 

3/2 - n 

j.n- 1/2 

GB 

1 

In f /f 0 

4D 

1 - n /2 

t n/2 

RS2 

1/2 

t l/2 


B V ( 0 ) 

[l + D0 2Tl /( 1 ^ 2n ) J 0 6 ( rl - 1 )/( 2n - 1 ) 

[l + Dexp(-^ 0 )] exp(-^ 0 ) 
(l + R)0- 2 )0 4 ( n " 1 )/ ?l 
(1 + D<j)~ 2n ) 0 2 ( n—x ) 


Table 2.3: Exact cosmological solutions for an expanding scale factor a(t) = 
exp (pt n ) and an ordinary scalar field, with 7 = n/2 + (1 — n)/q. Here, n < 1, 
sgn(p) = sgn(n), and 0 O = 0. B 1 C and D are proportionality coefficients 
depending on q , n and p. 


The SR parameters are 


and the potential is 


G = Q V0 = y/qU = 

n 



n > 


1 

3 ~q 


(2.89) 


(2.90) 


Now, since 0 2 = 2 n 1 e / (3qt 2 e ), we must discuss the case 6 = 0 (q = 1) 
separately. If 0 < q ^ 1, then 


0(f) = 


2 

0 



(2.91) 


and 

V (0) = Aq,n 0 -4 ^ 9 ^ , (2.92) 

where is a coefficient depending on q and n. Note that the potential is 
divergent in 0 = 0 if q > 1 . 

If g = 1, we obtain the 4D power-law model 1227115281 - 


0 (f) 

R(0) 




00 ) 


(2.93) 

(2.94) 
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Regime CT(t) BV(T) 

GB t T~ 3 

4D t T~ 2 

RS2 t T~ l 


Table 2.4: Exact cosmological solutions for an expanding scale factor 
a(t) = t n and a tachyon field. Here, n > 2/3q. B and C are proportionality 
coefficients depending on q and n. 


Regime 

CT(t ) 

B V(T) 

GB 

j.l—n/2 

[l + Z2T 2n /( n_2 )] 1/2 J n 6(n-l)/(2-n) 

4D 

j.l—n/2 

[l + DT 2n A n ~ 2 )] 1//2 J 1 4(n-l)/(2-n) 

RS2 

jl—n/2 

[l + DT 2n / <Jl ~ 22) ] 1//2 T 2 ( n - 1 )/( 2 ~ n ) 


Table 2.5: Exact cosmological solutions for an expanding scale factor a(t) = 
exp (pt n ) and a tachyon field. Here, n > 2/3 q. B , C and D are proportionality 
coefficients depending on q and n. 


There are no contracting solutions. 

Now, consider a scale factor of the form 


a(t) = exp(pf n ), H = pnt n 1 , sgn(p) = sgn(n), (2.95) 


with 




where 2y = n + 2(1 — n)/q\ again, </> = A q ^ n t 7 , with 


A 

■riqjpjn. 


2(1 — n) ( pn ) 

3 qP 2 q /q 


me 


1/2 


real if q > 0 and n < 1. So 
l — n 


T jL—n ^2 'If +—2n 


G = - * n , P<t> = t n , ^ t 

pn pn p-n z 


(2.96) 


(2.97) 


(2.98) 


Note that the SR parameters decrease in time and inflation does not naturally 
end. The reality of the coefficient (12.971) guarantees the weak energy condition 
(p + p > 0, p > 0) if > -\/(l — n)/(3qpn); from Eq. (12.981) it then 
follows that we get inflation from the very beginning only if q < 1/3. Same 
considerations are applied for the tachyonic counterpart, with an additional 
factor of 2 inside the root and a condition q < 2/3. If 7 ^ 1, then 

0(t) = 

1-7 

V(<!>) = [B q ^ n + c q , p , n( j> n,{l - l) ] . 


(2.99) 

( 2 . 100 ) 
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In particular, q — 2, 7 = 1/2 corresponds to the solution for the Randall- 
Sundrum regime, while for q — 1, 7 — 1 = —n/2, one recovers the 4D 
intermediate inflation of 1229 . f230i|. 

If 7 = 1 , then 0 7 ^ 6 ^ 1 , n = h = 6/(6 — 1 ) and 


0(f) 

— 0o + A 

R(0) 

= 


x exp 


n 


2(1 — h) 


A 

^q,p 

(0 - 4 ) 


(0-0 0) 


( 2 . 101 ) 


( 2 . 102 ) 


This solution can be applied to just one physically known case, namely, the 
Gauss-Bonnet regime, with h = 1/2. The contracting solutions are: p < 0, 
0 < n / 1 (the case 7 = 1 is possible only when 0 7 ^ q < 1 , q > 2 ); p > 0 , 
n < 0 (the case 7 = 1 is possible only when 1 < q < 2 ). 


2.5.2 Tachyon field models 

With the power law (12.8811 . the tachyon field is 



sgn(n) = sgn(g), 


(2.103) 


and the SR parameters read 

e T = — , = • • • = 0 ; (2.104) 

n 

the potential is 


V 



(2.105) 


n > — > 0 . 

3 q 


(2.106) 


In order to connect this cosmological solution with string theory, we must 
take care both of the maximum and the minimum of the potential. As regards 
the maximum at T 0 = 0, if q > 0 then the potential ( 12 . 1061 ) diverges; as it 
was shown in im it is possible to regularize V and keep an approximated 
power-law scale factor ( 12.8811 . However, the Constance of the kinetic term, 
T = \/2/?>qn < 1, which does not satisfy the conditions T(f 0 ) = 0 and 
T(f*) = 1 , suggests to regard this solution as an “intermediate time” model 
describing the rolling of the tachyon down its potential, between the very 
beginning and the asymptotic regime with a pressureless tachyon dust and 
n = 2/(3 q). The power-law scalar model with constant SR parameters, Eq. 
(Irm suffers from the same graceful-exit problem. 
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In the case of an exponential scale factor, Eq. J2H3), the first SR param¬ 
eters are 


1 — n 


e T = 


t 


pn 

and the potential is 
V(t) = 


riT = -t- n , e T = i^r 
Zp Zp z n 


—2 n 


(2.107) 


i + 2 ±^±r' 

3 qpn 


1/2 , \ 2/q 


m« 


n-l)/q 


(2.108) 


Since T 2 = [2(1 — n)/{3qpn)]t n , one has a real expanding solution when: 
p > 0 and 0<n<l;p<0 and n < 0. If n ^ 2, the solution is 


If n 


At) 
V(T) 
2 , then T 2 


2 — n 


2(1 - n) 
3 qpn 


1/2 


+l-n/2 


— \B n T2n/(n-2)l 1 /^ m4(n-l)/[ ? (2-n)] 

Pj 72 ' v - y q , ,p,n- L J 

= —t~ 2 /(3qp) and p < 0. The solution is 


m 

V(T ) 


T 0 + 


3 qp) 


1/2 


In 


1 + 


x 


3 qpt 0 

2/q 


2 exp 


[-2^-3 qp{T - T 0 )] 


2pto\ 

& J 


exp 


-3 p 


(T - T 0 ) 



(2.109) 

( 2 . 110 ) 


( 2 . 111 ) 


( 2 . 112 ) 


In the three cosmologies of interest, this solution is contracting. Other exact 
models can be found in p5lfl86| . 

It is possible to relate the solutions of the exponential model (12.951) to 
those of the power-law model. In the former case, the dynamical equations 
are V cx (1 + At~ n ) t 2 ( n ^ 1 )/<? an d ^ ^ w here A = — (n/2) + (n — 1 )/q for 
the scalar field and A = —n/2 for the tachyon. In the limit n —> 0, that is 
when the index of the equation of state w —* const, both the models formally 
approach the power-law solution with V oc and <p cx , T cx const. 
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Cosmological perturbations and 
braneworld spectra 


Philolaus puts fire in the middle, around the centre, which he calls 
furnace of everything and abode of Zeus and mother of the gods and 
altar and junction and measure of nature. And then another Ere at the 
top, surrounding the whole. 

— Aetius (ed. H. Diels), Doxographi graeci, II 7,7 


The advantage of combining the cosmological patch approach with the SR 
formalism is to provide, at least in certain situations, a unique treatment of 
physical phenomena for a number of energy regimes. In this chapter we show 
an example of this mechanism by discussing the spectra of linear cosmological 
perturbations generated by an inflationary era. 

Quantum fluctuations of the scalar field governing the accelerated era are 
inflated from Planck (a* ~ Z 4 ~ 10 -35 m) to cosmological scales (aj > Z 4 e 60 ~ 
60 pc) because of the superluminal expansion. They constitute the seeds of 
both the small anisotropies observed in the microwave sky and the large-scale 
nonlinear structures around which gravitating matter organizes itself. Such 
fluctuations are coupled to those experienced by the graviton background. 
For an introduction of the subject in the general relativistic case, see EH- 
In the most common 4D situation, the metric is perturbed by a linear 
contribution g /lL/ —► g lw + Sg liu which can be decomposed as 

&9iiv — + V z goi + F 1 ’’’9ij + hfj, v , (3.1) 

where Greek indices run from 0 to 3, Latin indices are purely spatial, a comma 
denotes covariant derivative, and {A^)}, {V\F 1 }, and h llu are scalar, vec¬ 
tor, and tensor quantities, respectively. The three types of perturbations are 
independent and can be treated separately. Neglecting vector perturbations, 
which are damped during inflation, we are left with scalar and tensor per¬ 
turbations, describing the matter and gravitational sources of the spectrum, 
respectively. 
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3. Cosmological perturbations and braneworld spectra 


The standard procedure to adopt in order to compute the perturbation 
spectrum is: ( i ) Write the linearly perturbed metric in terms of gauge- 
invariant scalar or tensor quantities; (ii) Compute the effective action of 
the scalar field fluctuation and the associated equation of motion; (in) Write 
the perturbation amplitude as a function of an exact solution of the equation 
of motion with constant SR parameters; ( iv ) Perturb this solution with small 
variations of the parameters. 

The SR formalism gives good control over the theoretical shape and am¬ 
plitude of cosmological perturbations. Here we shall restrict ourselves to the 
linear first-order approach although it is possible to extend 

the discussion to second-order perturbations [5351 153511535| . nonlinear per¬ 
turbations flWl. I237| . and even to a nonperturbative setup [2381123911240J. 
The latter case will be considered in Appendix iRl 

The 5D Einstein equations for a brane with an isotropic fluid embedded 
in an AdS bulk are very complicated due to both the great number of de¬ 
grees of freedom for the cosmological perturbations and the nonlocal physics 
coming from the possibility for Kaluza-Klein (KK) gravitational modes to 
propagate and interact throughout the whole spacetime. Braneworld calcu¬ 
lations for the perturbation spectra are much more involved because of the 
complicated geometrical tissue and only general formalisms or approximated 
approaches have been explored so far. For this reason, while the setup has 
been established usa eiii Eia eisi Em Eia Em Em Em Eia ehoi ehu, 
a full 5D spectrum amplitude has not been calculated yet for either scalar 
or tensor modes, except in the case of some particular scenarios, for exam¬ 
ple, just to mention a few possibilities, those in which the brane is de Sitter 

jim 11371 15551 15531 1553j or in the large-scale limit [5131 1511 15171 1555| . 

We can carry out our calculation with little effort by making a somewhat 
drastic simplification. In particular, in Chapter [3 we chose to neglect the 
projected Weyl tensor. This closes the system of equations allowing us to 
study brane physics without nonlocal contributions from the bulk. During 
inflation this is consistent with the suppression of the dark radiation term at 
the classical level. The good news are that this holds also for the quantum 
perturbations: if one chooses a conformally flat background, ps = £a~ 4 = 0, 
the fluctuation of dark radiation suffers an exponential damping during infla¬ 
tion, bps oc a -4 ~ exp(—4 Ht). This oversimplified background is justified by 
noting that any improvement of the physics would only confirm the breaking 
of degeneracy between standard and braneworld consistency equations [256j. 
which will be one of our main points. The “softness” of this breaking and its 
evidence will strongly depend on the physics, so we cannot say hardly any¬ 
thing a priori about its size in more complicated scenarios. However, as a last 
remark, it is important to notice that the effect of this extra physics (fluctua¬ 
tions in Weyl component and anisotropic stress in a high-energy regime) will 
be more enhanced at small scales, since in a conformally and spatially flat 
background it only mildly affects the density perturbations and spectrum 
at large scales, k aH ma mn em mu hue use. Since inflationary 
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dynamics dominates the large-scale perturbation spectrum, in our context 
we will expect to find results which are close to the “true” answer coming 
from a complete computation of the full Einstein equations with boundary 
conditions. 

In order to get some general and immediate results we consider two further 
assumptions: 

1) The contribution of the anisotropic stress is neglected; 

2) We concentrate on the large-scale limit of the cosmological perturba¬ 


tions. 


The first assumption reduces the number of degrees of freedom of gauge- 
invariant scalar perturbations in the longitudinal (conformal Newtonian) 
gauge E2H- As regards the second approximation, the long wavelength re¬ 
gion of the spectrum, corresponding to the Sachs-Wolfe plateau, encodes the 
main physics of the inflationary era. 

3.1 General spectra and observables 

By definition, the 4D spectral amplitude generated by the kill mode of the 
perturbation $ is 



(3.2) 


where angle brackets denote the vacuum expectation value of the perturba¬ 
tion, the subscript k indicates the fcth Fourier mode of 



(3.3) 


and the expression is evaluated at the horizon-crossing time defined by 
k(U) = a(t*)7/(t*). The quantity $ bears no covariant indices and there¬ 
fore is a scalar. 

The vacuum state in which the amplitude EU) is evaluated is by defi¬ 
nition empty of particles at some initial time ti with respect to background 
comoving coordinates. Since this state is an attractor solution of the wave 
equation in de Sitter space, actually it is independent of the choice of U. 

In the case of the scalar spectrum (subscript s), $ = 77 is the curvature 
perturbation on comoving hypersurfaces, generated by the scalar field filling 
the early Universe. Given a field if) = (p, T on the brane, this is 



(3.4) 


to linear order, where T 4 = —5a/a is the gauge-invariant potential perturb¬ 
ing the spatial part of the metric. Note that at large scales the curvature 
perturbation is conserved, 


77 ~ ' ^Pnad 0 , 

P+'P 


(3.5) 
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since the nonacliabatic pressure perturbation <5p nac j = p [(5p/p) — (5p/p)] van¬ 
ishes identically for a fluid with a well-defined equation of state p = p(p), 
which is the case of the scalar field i/j. 

For the gravitational spectrum (subscript t). <f> denotes the coefficient 
functions of the zero mode h$ (x) of the 4D polarization tensor. 

Neglecting the contribution of the Weyl tensor and the total anisotropic 
stress, the system of equations closes on the brane and the number of gauge 
degrees of freedom conveniently reduces for longitudinal scalar perturbations; 
moreover, bulk effects are suppressed in the long wavelength limit, k -C 
a.H. In this case one can rely on the 4D Mukhanov equation on the brane 
|233l f257l l258j . 

( d 2 2 1 d 2 z\ . 

[dtf + zdf j“ k = 0 ' <3 ' 6) 

where derivatives are with respect to conformal time 1 

f dt 1 

" = J IT = -(TVTjZff • (3 ' 7) 


and are the coefficients of the plane wave expansion of the canonical 
variable 

u — — 0 $. (3.8) 

The function 2 depends on the field xjj, h one is considering and contributes 
to the effective mass of the covariant perturbation induced by the original 
cosmological friction term in the background equation of motion. For a 
perfect fluid, the squared function z is 


2 _ /- ( P + pW 
Z ~ ^ H 2 


c, 


(1 + w)a 2 
(3 2 ~ e H e 


(3.9) 


where ( q is a proportionality coefficient related to the field <F. 

The region k 2 < d^z/z characterizes the squeezing phase in which per¬ 
turbations are described by stationary plane waves with fixed ^-independent 
phase. At k 2 = d 2 z/z, that is when k ~ aH approximately, perturbations 
freeze out of the horizon and their amplitude remains constant up to the 
recrossing. 

Note that the projection of a nonvanishing Weyl tensor only adds a source 
term in Eq. (HE!) [HO], which can be absorbed in the definition of z |223. 
Anyway, the assumptions made above are well motivated and we do not 
expect to find strange surprises in the dynamical and quantum behaviour of 
the perturbations as long as we keep the discussion at large scales. 

The amplitude (Q becomes 


A 2 - 


2k 3 


M k 


25vr 2 


(3.10) 


1 Although the symbol 77 has already been used for the second SR parameter, this one 
will always bear the subscript of the scalar field in any place where there might be some 
confusion. 
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The Mukhanov equation is exactly solvable for cosmologies with constant SR 
parameters. In this case we will see that d 2 zj z oc ?R 2 . Setting 


9 1 9 1 d 2 z 

v 


Eq. (13.61) can be rewritten as 

dr f + 


k~ 


1/4) 


V 


Uk = 0 . 


(3.11) 


(3.12) 


With constant u, the solution of this equation is |«k| oc (— rf)^ 2 Hv' (— krj), 
where Hl r> is the Hankel function of the first kind of order u. Since, as we 
shall see, v ~ 3/2 + 0(e) is a combination of SR parameters, this expression 
describes a cosmological solution with constant SR parameters; in fact, patch 
power-law inflation has this feature. 

In the long wavelength limit, k/ ( aH ) —> 0, when the mode with comoving 
wave number k is well outside the horizon, the appropriately normalized 
solution becomes 


Pk| = 


2 u - 3/ 2 r( V) 

V2k r(3/2) 


-krf) 


—v+X/2 


(3-13) 


where evaluation at the horizon crossing k = aH is understood. If the SR 
parameters are small, then they are constant to leading order because their 
derivatives are higher order. It is then reasonable to solve the Mukhanov 
equation with exactly constant SR parameters and perturb the obtained 
solution. Expanding the solution (EH to the same SR order of v one gets 


Kl « [1 — C[y — 3/2)]- 


-krf) 


-v+l/2 


V2k 


v - 3/2 < 1, 


(3.14) 


where C = 7 + In 2 — 2 zz —0.73 is a numerical constant (7 is the Euler- 
Mascheroni constant) coming from the expansion 


T0r + 3/2) 


1 — Cx , i«l 


' r (3/2) 

To lowest SR order, the resulting amplitude is 

.9 f k 
A% = 


brrz 


(3.15) 


Finally, we define the spectral indices 03 and their runnings PSHj as 

d In A 2 


n s 


1 = 


Q(c — 


d In k 
dn s 

dink ’ 


n t = 


ott = 


d In A 2 

dink 

dn t 

dink 


(3.16) 

(3.17) 
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At lowest SR order one can use the relation 

d d . . 

d In k ~ Hdt' ^ ^ 

The definition mm allows to write down the amplitudes as powers of the 
comoving scale k of the perturbation within some interval A k centered on k: 


A 2 a (k) « A^- 1 , A 2 (k) « A 2 k nt , (3.19) 

where Ai and A 2 are constants. The difference in the condition of scale 
invariance between scalar and tensor spectra (n s = 1 and n t = 0 ) is just a 
historical convention . 2 

The last observable we define is the tensor-to-scalar ratio 



(3.20) 


Very often it is rescaled and dubbed as R = 16r. 


3.2 Scalar perturbations 

The scalar field is confined on the brane and the effective action giving the 
equation of motion reproduces standard four-dimensional cosmology. Quan¬ 
tum fluctuations of the brane field generate scalar perturbations that can be 
treated in the way sketched above. In this context the scalar perturbation is 
found to be the same as the one in the usual 4D background. 

The main point we rely on is the independence of the behaviour of cur¬ 
vature perturbations from the gravitational part of the action at sufficiently 
large scales [2LL, f262 j. It is then possible to consider a linearly perturbed 
effective 4D metric with the same number of gauge degrees of freedom and 
borrow part of the standard perturbative formalism. The perturbed 5D met¬ 
ric in the longitudinal gauge reads 

ds'l fa (l+2$ 5 ) dt 2 —a 2 (t)[(l—2^ 5 )Sij+2E ti j\ dx l dx j +2B ii dx l dt—dy 2 , (3.21) 

where $ 5 , T 5 , E , and B are gauge-invariant scalars and y is the extra direc¬ 
tion. 

In the case of the ordinary scalar quantum field 

<p(t,x) = +S(j)(t,x) , (3.22) 

decomposed into the homogeneous background field 4>(t) = {<p(x)) and its 
fluctuation 5(j)(t, x), the 5D equations of motion in a RS braneworld with 


2 Scale-invariant spectra are often called Harrison-Zel’dovicli Esni Ena. 
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(3.23) 

($ 5 + 3T 5 )0 + '2$ 5 V' + 2$ 5 ^ = 0 . 

0 

(3.24) 

If the anisotropic stress vanishes, then $5 and T 5 coincide with the gauge- 
invariant scalar potentials $4 and T4, respectively. By setting an empty bulk 
(tb = 0), one recovers the ordinary 4D equations. In the large-wavelength 
limit, k -C aH , the four-dimensional perturbed metric induced on the brane 
is the standard one, 


brane-bulk exchange, Eq. flznp , are 

0 + 3H<fi + V’ + ^- = 0, 

0 

<50 - a _2 V 2 <50 + 3HS(j) + V" 6 <j> - 


ds\ 


« (1 + 2<h 4 ) dt 2 

brane 


a 2 (f)( 1 — 2'k 4 )(5 4 j- dx l dx j . 


(3.25) 


Then one can perform pure four-dimensional calculations, for example by 
the methods of [I233| . and obtain the Mukhanov equation JH. As one can 
easily check, the only new ingredient comes from the Friedmann relation 
EH) between the Hubble parameter H and the energy density p. Another 
derivation of the Mukhanov equation is discussed in Appendix iBl 

This equation can be solved exactly by a cosmology with constant slow- 
roll parameters; from Sec. 12.51 we know we have such solutions at our disposal. 
Even the full models outside the patch approximation possess exact solutions 
with constant or almost constant SR parameters, an important feature for 
constructing perturbation amplitudes. As an example, in Appendix |A] we 
see how the exact Randall-Sundrum solutions found in [tHBJ satisfy this re¬ 
quirement asymptotically in time. By perturbing the exact solution with 
respect to small variations of the SR parameters, one gets the scalar spectral 
amplitude. 


3.2.1 The ordinary scalar field (f) 

The lowest-order scalar amplitude can be directly derived from the fluctu¬ 
ation spectrum of a massless scalar field outside the horizon, by quantizing 
the classical field (13.221) and imposing equal-time commutation relations in 
curved (actually, de Sitter) spacetime |2b3| . 

[<^(xi, t ), </?(x 2 , t)} = 0 = [n„(xi, t ), n v (x 2 , t)] , (3.26a) 

[<p(xi, t), n^(x 2 , t)] = m 3 5 (3) (x! - x 2 ), (3.26b) 

where n v = is the conjugate momentum density. The Fourier transform 
of the fluctuation can be written as a combination of harmonic oscillators, 

(50 k (t) = w k (t)a k + w* k (t)a}_y, , (3.27) 

where w k is a complex function of k — |k| and the creation-annihilation oper¬ 
ators satisfy the canonical equal-time commutation relations, [cik,, «k 2 ]ti=t 2 = 
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<5kik 2) etc. Since 50^ = <50_k, the quantum operator <p(x) is hermitian. Near 
horizon exit, a = k/H, and with negligible variation of the fluctuation 
amplitude turns out to be 


«kl 2 ) = Kl 2 = )§i ■ 

(3.28a) 

The scalar amplitude is 

2 4 H 2 

A 2 = -Th, 

s 25 02 *’ 

(3.28b) 

where 

(3.29) 


Note that this computation does not involve the Friedmann equation, Eq. 
S3. but only the 4D equation of motion ra. As a function of the 
potential, the amplitude (18.281) can be written to lowest SR order as 




90 ? 6 I/ 3 -? 
25vr 2 V ' 2 ' 


(3.30) 


3.2.2 The tachyon field T 

In a string-theoretical setup, the quantization of the tachyon Lagrangian 
(1071) is a delicate and noncompletely explored subject; in particular, it is 
not clear yet if the promotion of the classical field to a quantum object cor¬ 
rectly describes quantum string theory DS|- Nonetheless, one may put aside 
high-energy motivations for the field theory (1071) and study its quantum 
behaviour independently. We start from the commutation relations (E2EJ), 
with T instead of 0 and FR given by Eq. (12.351) in the long-wavelength limit. 
In momentum space, the field fluctuations are quantized as in Eq. dim 
Now, the equation of motion for the perturbation is not a simple Klein- 
Gordon equation as in the scalar case; however, one can check that, near 
horizon crossing, the two-point function of the fluctuation is 

(W 1 ) = \w,\ 2 = AL . ( 3 , 31 ) 

The computation is performed without adopting any particular gravitation 
background, except for the hypothesis of quasi de Sitter expansion. In order 
to absorb the potential into an expression which is dependent only on the 
Hubble parameter, we must use Eq. urn getting 


TV = 


k 3 

27r 2 


(l^kl 2 ) 


f3 2 ~ e H e 
2 c s 


7 


(3.32) 


where eg is given by Eq. (Ennp . The presence of an extra E-term is also 
evident when comparing the amplitude A 2 S (T) oc V 3 q+l /V ' 2 with that in the 
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scalar scenario, Eq. (EUD. Slow-roll corrections to this result can be com¬ 
puted by a more refined treatment including back-reaction from the effective 
4D metric. The Mukhanov equation for the tachyon case has been derived 
in a ^-inflationary context; it reads [TM11721 [23311263] 


fd^ 2 k 2 _lfz\ 
\ drf s z drj 2 J 


u k = 0. 


(3.33) 


To lowest SR order, it is the same amplitude as that in the nontachyonic 
case, if expressed as a function of H and its time derivative: 


2 3 q(3 2 ~ e H 2+e 

s ~ 25vr 2 2e 


(3.34) 


This is not surprising, since in the ESR regime the dynamics are almost the 
same, as explained in Sec. 15.31 


3.3 Tensor perturbations 


Tensor perturbations are more difficult to deal with than the scalar ones 
since gravity is free to propagate in the whole five-dimensional spacetime. In 
general, the graviton zero-mode, localized on the brane, interacts with KK 
massive modes generating an infinite tower of coupled differential equations. 
The key point is the knowledge of the behaviour of gravity modes on the 
brane, that is, how Kaluza-Klein modes couple with the zero-mode. Many 
of the problems arise because of the extra degree of freedom provided by the 
radion and, in general, a complete solution of the Einstein equations with 
boundary conditions is difficult to achieve. 

In some limits the analysis simplifies considerably, for instance in a de 
Sitter brane (p + p = 0) [SU 2£2]. In this case it is possible to decouple 
the graviton zero-mode from the massive tower of Kaluza-Klein gravitons, 
since the maximal symmetry of the dS brane permits a variable separation 
of the wave equation for the Kaluza-Klein modes, h^ u (x,y) —» hffl(x)£ m (y). 
The normalization of the bulk-dependent part of the zero-mode (m = 0), 
calculated on the brane position r/&, determines the mapping function F = 
ioi.yb)^/ k 4 - It turns out that F is a complicated function of the couplings of 
the theory, the Hubble parameter H , and y, the inverse of the bulk curvature 
scale. The effective Newton constant on a GB brane is n\ = k\x/{ l + 4a:y 2 ), 
which in RS (a = 0) reduces to y 2 = Ak|/6 . Given the 4D amplitude 


A 


2 

*(4D) 


^4 

507T 2 


H 2 


(3.35) 


which is Eq. <13.1 oil with _£ 4D = %/2a//c 4 , the braneworld tensor amplitude is 


At — A t { 4 n)F{H/x) , ( 3 . 36 ) 
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with 


F 2 (x) = Vl + x 2 — f- —-j—^ X 2 sinh 2 
v \1 + 4 ax 2 ) x 

In the limit x 1 (GB high-energy regime), 

1 + 4ax 2 1 


F 2 {x ) 


8 a\ 2 x ’ 


in the RS case and in the limit p^> A, 


F 2 {x) m , 


(3.37) 


(3.38) 


while in the low-energy limit one recovers the standard spectrum, F 2 (x) ~ 1. 

One way to state the result (13.3611 is that, to lowest SR order, the brane¬ 
world tensor amplitude is given by the 4D expression (HMD under the map¬ 
ping 

h 0 : H HF(H/x) ■ (3.39) 

In |253] a perturbed RS de Sitter brane whose Hubble constant is experi¬ 
encing a discontinuous variation SH — Hi — H 2 is studied. A 5D spectral 
amplitude A t ( 5D ), obtained as an expansion in SH/H -C 1, is provided at 
mildly large scales, k -C H 2 /SH , and is compared with the 4D braneworld 
amplitude derived from a generalization of the map (13.3911 acting on the 
standard amplitude A t ( 4D ) oc H , namely, 


hi : HF(H/x) ■ (3.40) 

Here, H = H[ 1 + 0(8H/H)\ includes the correction to the lowest-order re¬ 
sult coming from the 4D zero-mode zero-mode Bogoliubov coefficients. It 
turns out that the lowest-order [0(1), superscript (lo)] and next-to-lowest 
order [0(SH/ H), superscript (ntlo)] effective amplitudes match the five¬ 
dimensional result, 

/l (!o) _ Rl°) A ntl °) _ /((ntk)) . /(I \ 

W ,eg ~ ^t(5D) J ~ 5D) ’ 


outside the horizon 


0 Mi(5D) 


0[(6H/H) 2 ], while inside the 


(7lt(5D) — At ieS ) 
horizon there can be significant discrepancies. 

The case of a continuous smooth variation of the Hubble parameter, 
which is typical during the inflationary regime long before the reheating, 
has to be treated separately because of the time dependence of H in the 
equations of motion of the KK modes. However, one expects the slow-roll 
generalization of the previous result to display similar features [2331 , since 
e = 0(5H/H). In fact, in order the variation SH not to be damped by the 
accelerated expansion, it must occur in a time interval St ~ H~ 1 } that is, 
H ~ —5H/5t ~ — 5HH , giving the heuristic correspondence e ~ SH/H. 
Thus we can conjecture an analogous mapping (13 .4011 in the SR expansion 
such that (EHTl) holds, with H = H[ 1 + 0(e)]. We schematically represent it 
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Figure 3.1: The h-mappings roai and \3.4(\) between 4D and effective 5D 
tensor amplitudes. 


in figure 13.11 Here ff maps any next-to-lowest-order function to its lowest- 
SR-order form . 3 We remark once again that, while ff is trivial and go — 1 
was first demonstrated in ('252] . it would be a nontrivial goal to show that 
gi = 1 for a non-de Sitter inflationary brane or, more generally, to find the 
region in the space of the effective amplitudes where is one-to-one. 

There is however another possibility. According to Eq. (ETTot . the map¬ 
ping (13.391) can be regarded as acting on z rather than on the Hubble pa¬ 
rameter (89] : 


h : z 4D i—> z 


^4D 

W’ 


(3.42) 


for the tensor perturbation. This more elegant formulation has two advan¬ 
tages: first, it encodes all the needed SR information at any order in one 
single relation, so hi and h 2 collapse to each other; secondly, it is reasonably 
valid in more general braneworld scenarios. 

From the above discussion it emerges that another effective prescription 
is viable for a general braneworld tensor amplitude: 


At 


A 


^4D 

i(4D)— , 


(3.43) 


evaluated at the horizon crossing. To be consistent with the patch solution 
EH), we must consider the approximated version F q of F in the proper energy 
limits. With Eq. (Irm one may encode the phenomenology of the transverse 
direction into the map (EH acting on the function z, £40 1 —> z = z^o/Fq. 

We can find the patch version of F with a trick, by noting that in four 
dimensions the graviton background can be formally described by Eq. (E3 
with Ci{h) = 1 and a perfect fluid ph = ~Ph/3 which does not contribute 
to the cosmic acceleration, since d oc (1 — e) and e — 1. Generalizing this 
stationary solution one has Wh = 2/(3 q) — 1 and 1921 


z(h ) 


\[2a 
n A F q ’ 

3 qfd 2 ~ e H e 

Cq{h)^l 


(3.44a) 

(3.44b) 


This is equivalent to take the 4D tensor amplitude and substitute the gravita¬ 
tional coupling with ~ (i/ 2 /p) 4D —> H 2 / p. Although these arguments do 
not completely justify Eq. •l3~Ml. as the general patch solution for the tensor 
amplitude, the proposed ingredients do match the results coming from both 

3 This is equivalent to setting e = 77 = 0 only in the amplitude A t , because, for instance, 
fo(A s ) oc e“ 1/2 . 
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the 4D and full 5D calculations in Randall-Sundrum and Gauss-Bonnet sce¬ 
narios. We suggest this picture to be valid in other cases, too; direct contact 
with explicit gravity models is reduced to a minimum through the coefficients 
/ 3 q and but only the latter is indispensable for the consistency relations. 

From now on we shall drop the argument h of ( q , ( q = ( c ? (/r). In the 
Randall-Sundrum case (2 = 2/3 |252) . while in the Gauss-Bonnet case C 2/3 = 

1 15B- 


3.4 Braneworld spectra and 
consistency relations 

Let us list the results for the cosmological spectra to next-to-leading SR 
order. In all the calculations we use Eq. m together with 

d 2 = a 2 (Hd t + d 2 ), (3.45) 

and drop 0(e 2 ) terms in z. In fact, higher-order contributions might be too 
faint to play an important role in the determination and discrimination of 
the spectra. Then we do not push the patch SR expansion up to the second 
order, although some authors have gone in this direction 

Note that we do not need to specify f3 q since it will not appear in the slow- 
roll expressions for the cosmological observables, except in the amplitudes. 
In this case, CMB data can constrain the parameters of the gravitational 
model encoded in (3 q . 


3.4.1 Graviton field 


For the tensor amplitude we have 

1 d 2 z , rrx2 

= {aH) 


and 


where 


u h — — “F ( 1 + 7T ) e 5 


2+(y-l]e 


e 


A 2 t = {1 - [(2 + 0)C + 2] £} 


1 + u>t£ — 2 I C + 


rit — —(2 + 9)e 
a t = (2 + 0 )e [ 277 - ( 2 - 0 )e 

6-0 


3 q(d 2 - e H 2+e 
25vr 2 2(7’ 

2 


2 + 9 


uj t = 2 - 0 )C + 


2 + 0 


(3.46) 

(3.47) 

(3.48a) 

(3.48b) 

(3.48c) 

(3.48d) 


The 0(e 2 ) part of the tensor index and its running depend on the assumed 
scalar field model through Eq. (I2.80al) . In the tachyon case, u t — 1. 
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3.4.2 Ordinary scalar field (f) 

For the ordinary scalar field on the brane, 

= (3-49) 

with C?(0) = 1 in Eq. (13.911 . Then 



1 y 

= {aHf {2 + 26,- 37/,), 

(3.50) 


W = § + 2e 0 - % , 

(3.51) 

and 



A'M) 

3 all 2 —® 

= [i-at*?+ !)<, +20*] 2, 2(f , 

(3.52a) 

n s - 1 

= (2^ - 4e„) + 2(5 C + 3)e^ - 2- 2[(4 - 9) + 2(2 

- m e 2 , , 



(3.52b) 

cx s 

= 2[2(0-2) t ; + 5e,., < -5 4 2 ], 

(3.52c) 

r 

= ^[l-(0-2)C7e,-2C7^]. 

(3.52d) 


The expression (I3.52all has the asymptotic form at large scales, k <C aH, 
but is written in terms of quantities evaluated at the horizon crossing of the 
perturbation. By fixing the term in square brackets equal to 1, one gets 
the lowest-order expression (13.2811 obtained via a de Sitter calculation of the 
correlation function of the fluctuation 6 (j) ~ u/a outside the horizon. With 
6 = 0, one recovers the four-dimensional results |2E71I5ES1I5E3| . 


3.4.3 Tachyon field T 

In the Mukhanov equation (13.3311 . 


z(T) 


(p + p) 1,2 a 

c s H 


1 aT 


(3.53) 


where we have used p + p — pT 2 . Despite of what happens in the scalar 
field case, 9 appears explicitly in the definition of z. In the extreme SR 
approximation we can set C g (T) = l/c| ~ 1 in Eq. (13.911 . 

The solution of is again of Hankel type but with a rescaled wave 

number, k —*• c$k. For the tachyon one gets 


1 d 2 z 
z dp 2 

u T 


{aHf 


2 + 




i + ( 1 + |) 


(3.54) 

(3.55) 
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and 


A 2 (T) — (1 — 2u s e T + 2 Cr/ T ) 


3q(3q° H 2+e 


(3.56a) 


25tt 2 2e T ’ 

n a — 1 = [2 r) T - (2 + 6 ) e T \ + 2 (C + 1 + 2u s ) e T r? T - 2 C£ 2 - (2 + 6 )e 2 T , 

(3.56b) 

= 2 [(3 + 9)e T r] T -g], (3.56c) 


r = 


c 


9 " 


1 - (2 -9)-L-2Cr l7 
6 


(3.56d) 


Here, 


n; s = C+- +- C' + 


(3.56e) 


In the four-dimensional case 9 = 0, we recover the results of mm- 


3.4.4 The consistency relations 

One might find interesting to rewrite the SR expressions (l3~o2l) and ra 
for the scalar perturbation in a minimal fashion, by substituting 6 with 

29 = 2 + 9 - 9, (.3.57) 


in Eqs. (13.5411 . (13.5511 and (I3.56el) : in the ordinary scalar case, uj s = 2C + 1. 
Then, 


n s - 1 


Ot s 

r 


(1 - 2 u s e + 2 Cp) 


3q(3 2 ~ 9 H 2+e 


25vr 2 2e ’ 

[ 2 r/ — 2 (\ + 9^ ej + 2 (C + 1 + 2 u} s )erj 


2-9)u s + l + 9 


2 (9 — 2j e 2 + (3 + 


2 -2ce, 

ep - 


— {1 — [(2 + 9)C + 2(1 — 04 )] e — 2 Cr]} . 

Sq 


(3.58a) 

(3.58b) 

(3.58c) 

(3.58d) 


We can collect Eqs. (USED, msa and (EH) in the set of consistency equa¬ 
tions: 


a s ((p) 

a s (T) 

nt{4>) 

ntiT) 


Olt 


C? r [4(3 + 9)( q r + 5 (n s - 1)] - f J , 

(3 + 9)( q r[(2 + 9)( q r + (■ n s - 1)] - 
Cq r [ (2 + 9) + [2 + 9)C q r + 2(n s — 1)], 


£ 2 

St j 


C q r 


— (2 + 9) + 2 (n s — 1) + 


(2 + 9){4 + 9) 


6 


( q r 


(2 + 9)( q r[( 2 + 9)( q r + (■ n s — 1)] 


(3.59a) 

(3.59b) 

(3.59c) 

(3.59d) 

(3.59e) 


If 


If I < min (e, \v \)» 


( 3 . 60 ) 
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the set closes and the scalar running depends only on the observables. In 
fact, this approximation can be put into a milder form when considering 
different patches, 6 and 9'. with the same inflaton field: namely, that the 
parameter £ is almost constant in the energy regime, £(0) ~ £($'); this will 
be sufficient in order to compare theoretical results with observations. In 
the case of confrontation between a scalar patch and a tachyon patch, it 
should be £^(0) m £ r (0'). We will see in Sec. 15.31 that SR parameters of 
the two scenarios, with the same scale factor, approach one another order 
by order when q increases; therefore, the last approximation is valid at a 
certain confidence level if q, q' 1. Whichever assumption is chosen to 
neglect the parameter £ and write the scalar running in terms of observables, 
it is important to keep in mind that in general £ cannot be fairly eliminated, 
even if this is indeed the case in many reasonable situations. One has £ = 0 
when either ^ oc t (e.g., tachyon power-law inflation) or if; oc e*; however, 
in many simple models of inflation like the ordinary power-law (a = t n ), the 
dynamical features of the system are such that |£| = 0(e, \q\). We will come 
back to this issue in Sec. SH 

The consistency equation for the tensor index depends on the chosen 
scalar action, as first pointed out in pg. Conversely, Eq. (!3.o9el) is valid 
both for the scalar and tachyon field, but in general it is model-dependent 
ra- The next-to-lowest-order equations (I3.59cl) and (I3.59dl) generalize the 
lowest-order equation 

n t = -(2 + 9)( q r , (3.61) 

which is insensitive to the type of scalar field. Since at second order there 
appear only quantities present in first-order expressions, it is reasonable to 
consider Eqs. (I3.59cD and (13.59dl) not as extensions of (HEED but as the 
consistency equations. 

The consistency equations relate cosmological observables in a way typical 
of inflationary scenarios, in which the scalar and gravitational spectra are 
originated by a unique mechanism. When considering them in the braneworld 
case, they can give different (and testable) signatures of the early-Universe 
inflationary expansion. 


3.5 Degeneracy of consistency equations: 
testing the braneworld 

In this section we address the issue of possible theoretical degeneracies 
between next-to-leading-SR-order consistency relations of different infla- 
ton/braneworld models, to be distinguished from observational degeneracies 
coming from particular values of the observables, for example when the spec¬ 
trum is nearly scale invariant in the extreme SR approximation. This problem 
arose for the first time when the degeneracy of the 4D and RS relation be¬ 
tween the tensor spectral index and the tensor-to-scalar ratio was discovered 
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(222 EZ H; such a property also holds in induced-gravity braneworld inflation 
|272j and in generalized Einstein theories including four-dimensional dilaton 
gravity and scalar-tensor theories [2'78 |. Several works then showed that this 
degeneracy is most likely incidental (e.g., |H2j and references therein). We 
are going to confirm this result in quite a general manner and pave the way 
to the classification of eventual future braneworld scenarios. 

It is useful to stress that even in the standard general relativistic case 
the consistency relations are violated in some simple situations, for example, 
in multi-field inflation m (see, e.g., p!5j and references therein). In this 
sense, a deviation from the standard equations would not provide the smoking 
gun for the existence of extra dimensions. 

We claim and next show that, while observational degeneracy of the 
consistency relations is achievable within the range of cosmological parame¬ 
ters determined by recent experiments, the theoretical structure is unstable 
against even long-wavelength 5D contributions, via the effective Friedmann 
equation E2). 

3.5.1 Theoretical degeneracy 

To leading order, the consistency relation for a scalar-driven inflation is the 
same in 4D and RS scenarios and a discrimination between them, at least by 
this method, is not possible. However, quasi de Sitter computations show a 
break of the degeneracy and a possible nonclosed structure [252, 254 i|. In the 
GB case even the lowest-order tensor index consistency relation is no longer- 
degenerate ED Some evidence of the degeneracy breaking in the case of 
smoothly varying Hubble parameter is provided by showing that departures 
from the standard form of the scalar amplitude would spoil the 4D structure 
of the consistency relations. 


4D vs braneworld 

One may wonder if there can exist SR perturbation amplitudes that give 
the same consistency equations for the standard four-dimensional cosmol¬ 
ogy, thus ruling out the possibility to discriminate between the two scenar¬ 
ios. However, to construct mathematical expressions without any physical 
content would be of little use since they would not provide a physical explana¬ 
tion why consistency equations should be still degenerate; so the consistency 
equation approach would still be worth investigation. 

After this preamble, it should be noted that it is not possible to construct 
simple perturbation amplitudes that give degenerate consistency equations 
and reproduce the extreme SR limit (18 .8 61) . The reason is the following. We 
will concentrate on the ordinary scalar model and the consistency equation 
involving the scalar running a s , since it is the most relevant relation from an 
observational point of view. It is an equation coming from the lowest-SR- 
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order part of the scalar index, 

n s - 1 = 2rj - 2 (l + 0) e , (3.62) 

which is generated by the lowest-order part of the scalar amplitude, Eq. 
(irm We recall that each time derivative raises the SR order by one at any 
step: the time derivative of the functional part of the amplitude gives the 
linear part of the spectral index, while another derivation gives the running, 
through Eq. (12.8011 . Therefore one should change the lowest-order part of 
the amplitude A s in order to impose 

« s = a s(4D) = aW 0) = r [12r + 5(?7 S - 1)], (3.63) 

regardless of the next-to-leading-order SR structure. Since the bulk source 
term of (EPS 1 ) has not been taken into consideration, this could be feasible a 
priori , even if Eq. (E33D is well supported in many respects . 4 An example 
of a generalized scalar amplitude is 

A 2 a = [l + fs(e r^)]R s e~ 7 5- , (3.64) 

<p° 

where b, c and 7 are constants, B s is a normalization prefactor, and f s is a 
linear function of the SR parameters and of any dimensionless combination 
of cosmological quantities such as 777.4, A, H and its time derivatives. By 
imposing the amplitude to be dimensionless, if d s is the dimension of B s 
then it must be d s + c — 2 b = 0 . 

As has been said in Sec. IH the h-mappings are completely well moti¬ 
vated only in the quasi de Sitter case, so in principle a more general high- 
energy structure for the tensor amplitude than that of Eqs. (13.401) and (13.421) 
is possible, keeping the functional part constrained by the zero-mode 5D 
calculation: 


A 2 t =[l + f t (e^ V ,)}B t H 2+ \ (3.65) 

where f t ( B t ) is the tensor counterpart of f s (B s ). For reasons of simplicity, 
we have dropped the H dependence in the SR functions since it gives rise 
to a polynomial structure for A s which does not change the main argument 
[ESI. Also, for the above considerations we can ignore these SR functions. 
Equation (EQU generates the spectral index 

n s - 1 = (6 T 27 ) 77 * - (c + 7 )e^ , (3.66) 


and the running 


cx s 



2 c + 27 \ 
b + 27 / 


(n s - 


1 ) + 


( 0-1 + 


2 c + 27 \ 
b + 27 / 


(c + 7)e* 


(3.67) 


4 We stress once again that the lowest-order scalar amplitude can be calculated, in the 
long wavelength part of the spectrum, by a number of different background-independent 
techniques. 
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The case 7 = 6 = O0c(7 = c = O0 6)is discarded because it is not 
possible to absorb the rj 0 (ef) dependence of the running into a cosmological 
observable. The standard case c = 26 = 4, 7 = 0 is trivial. 

Using 0 2 oc pe^, the tensor-to-scalar ratio reads, to lowest SR order, 

rocer 6/ V 2(29 “ 1)+6 “ 9c]/2 ; (3-68) 


the constant 7 ha been introduced for trying to compensate by hand for the 
e factor of Eq. (jUSED - Now, assuming 


r 


d r € 


r^<f> > 


(3.69) 


a r being a constant, in order to satisfy Eqs. EH and (13.691) we must solve 
the system 


7 


‘ = 1, 
2 


2 (2q- 1) + b 
c + 7 

2--— = 5a, 


qc = 0 , 

-1, 


6 + 27 

(6-2 + 5 Or) (c + 7) = 12a 2 . 


For general q there do exist nontrivial solutions, but in GB (a r = 1) and RS 
(a r = 3/2) only the standard case is allowed. These considerations imply that 
a high-energy relation such that Eq. (13.691) is possible only in the standard 
case c = 26 = 4, 7 = 0. In general, a traditional consistency relation will not 
be obtained in a braneworld context. 


Patch vs patch 

Let us now seek what are the necessary conditions for obtaining the same set 
of consistency equations in two models (0, 6 ) and (0', 6 '). In the discussion 
on degeneracy we will not restrict ourselves to the RS and GB scenarios, 
since other gravity models can generate patches (i.e., effective Friedmann 
equations with 6 ) different from 6 = 0 , ±1. 

There are several possible degeneracies which arise particular attention. 
The first one is exact , that is a s = a! s , a t — a' t , and n t = n' t to next-to-leading 
SR order; this model correspondence would open up many compelling possi¬ 
bilities, for example to construct a complicated braneworld scenario starting 
from a simple one. A second, more operative degeneracy is effective , namely, 
one considers only the scalar running and the lowest-SR-order tensor index. 
Differences in next-to-leading-order tensor indices and in tensor runnings are 
neglected since the observational uncertainty on these quantities would blur 
any theoretical mutual deviation, at least for near-future experiments. When 
neither exact nor effective degeneracy are achieved, we will say that the two 
classes of models are definitely nondegenerate. Another choice could be to 
consider tensor degeneracy, of either lowest or next-to-lowest order, when 
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the tensor index and its running are degenerate; tensor-degenerate models 
give the same gravitational wave spectrum. This degeneracy is useful when 
reducing the space of parameters in numerical analyses via the tensor-index 
consistency equation. 

The first degeneracy we investigate is between ordinary-scalar and 
tachyon-field scenarios. Let a prime denote the tachyon model; in order 
to get (0, 9) = (T, 9'), we match Eqs. ffl3.59a.fi and (|3.59bl) . giving 


9 

C q 


14 + 13 9' 
4(3 + 9') ’ 
3 + 0' 


0V-3, 


(3.70a) 

(3.70b) 


From Eqs. (I3.59cl) and (I3.59dft one gets either 9 = 2 = 9' or 9 = — 2 = 9'\ Eq. 
(I3.59el) is automatically degenerate for all 9. Therefore, exact degeneracy is 
not allowed for finite q. For the effective degeneracy it is sufficient that 


(2 + 9)( q = (2 + 9')Q , (3.71) 

from the lowest-order tensor indices; coupling this condition with Eq. (USB 
again gives 9 = 2 = 9'. Therefore, 0- and T-models are definitely nondegen¬ 
erate for finite q. The quantity £ q is determined by the specific gravitational- 
geometric configuration one is considering, although from our point of view it 
plays the role of a purely numerical coefficient; it contributes to the normal¬ 
ization of the tensor amplitude through its general definition, Eq. (THU) . By 
comparing Gauss-Bonnet and 4D scenarios, it is clear that the case ( q = ( q > 
is possible even when 9^9'. 

Scalar models in different braneworlds are definitely nondegenerate, 
(0, 9) 7 ^ (0, 9 '), since it must be 9 = 9' in the scalar running. The same 
conclusion holds for tachyon models, (T, 9) ^ (T, 9') if 9 ^ 9'. 

Tensor degeneracy is straightforward: all the previous models are tensor 
degenerate to lowest SR order when Eq. ezid holds. In particular, (i) 
scalar and tachyon scenarios in a given patch and (ii) 4D and RS models are 
tensor-degenerate at lowest order. Models with the same inflaton field 0 and 
(0 = C q' are not tensor-degenerate; obviously, 4D and GB scenarios are not 
tensor-degenerate. Next-to-leading-order tensor degeneracy is possible only 
between (0, —2) and (T, —2), when 


a s (0) 

~ Ci/2'r[4Ci/ 2 r + 5(n s - 1)], 

(3.72a) 

otsC-T) 

~ Ci/ 2 r(n s - 1), 

(3.72b) 

n t 

= 2Ci/ 2 r(n s - 1), 

(3.72c) 

Oit 

= 0. 

(3.72d) 


As far as the author knows, no gravity model giving an effective Friedmann 
equation with q = 1/2 has been developed so far. Note that this cosmology 
gives a scale-invariant spectrum (n s = 1) in the case of power-law inflation, 
a = t n , irrespective of n urn Table I3d1 summarizes the various degeneracies 
for finite q. 
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Degeneracy 

(0, 9) - (T, 6 ') 

(0, 9) - (0, 9') 

Exact 

— 

— 

Effective 

— 

— 

Tensor n.t.l. SR 

9 = 9' = -2 

— 

Tensor lowest SR 

Eq. (HUD 

Eq. (13.711) with 9 ± 9' 


Table 3.1: Patch degeneracies for finite q. “n.t.l.” stands for next-to-lowest 
order. 

3.5.2 Observational degeneracy: theory vs data 

A new era of high-precision cosmological observations can now constrain the 
high-energy physics of braneworld models predicting significant deviations 
from the standard four-dimensional big bang scenario pi Hi9lH5nl 1222112761 
12771 12781 I279| . The first-year data of WMAP [72 IE2 E2 IH2 IEH1 confirm 
the standard scenario of a flat, adiabatic universe with Gaussian, 5 almost 
scale-invariant anisotropies, with a scalar amplitude A 2 « 3.5 ■ 1CT 10 at large 
scales [E2]- Bennett et ol. na put a bound on the tensor-to-scalar ratio, 

r < r m ax = 0.06 , (3.73) 

while the best fit for the scalar index is 

n s ~ 0.95 . (3.74) 

Data analyses carried out for WMAP make use of the consistency equa¬ 
tion in order to fix the tensor index and its running in the space of 

parameters, so a direct confrontation between these quantities and an ex¬ 
perimental result with an associate error is not possible. The next-to-lowest 
order consistency relations (I3.59c|) and (I3.59d|) indeed break the degeneracy 
between scalar-field and tachyon-field models. Taking n t ~ —0.1, one has 
| nf’^ — nf ^/n t | ~ 0(r 2 ); testing this effect would require an experimen¬ 
tal uncertainty less than 1% for the tensor index, a very difficult goal to hit 
for the missions of this and next generation. 

A more useful quantity might be the scalar running (the consistency equa¬ 
tion for the running of the tensor index is degenerate). In terms of SR param¬ 
eters, this is a second-order quantity but it comes from the lowest-order part 
of the scalar amplitude. To quantify the effect of the extra dimension, we can 
use the recent CMB data coming from WMAP. With the upper bound (13.7311 
and the best fit (Hlhd, the relative scalar running in two different patches is 

A (3.75) 

~ O(10“ 2 ), 

which is comparable both with the error in the estimate of Bridle et al. |83| . 
a s = —0.04 ±0.03, coming from the combination of WMAP and 2dFGRS (2 


5 See Sec. E 2 
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Degree Field Galaxy Redshift Survey ) data, and with the uncertainty estimate 
of the Planck mission [871 280 ], 

This estimate will be highly improved by both the updated WMAP data 
set and near-future experiments, including the European Planck satellite, for 
which the forecast precision should be ameliorated by one order of magnitude, 
Aa s ~ O(10" 3 ) PHU- 

For lower tensor-to-scalar ratios, the effect quits the window of detectabil¬ 
ity. For instance, scalar-driven and tachyon-driven scenarios lead to different 
predictions already in the standard 4D model when r ~ r max , 

A af oTo) = 2 r [3r + (n s - 1)] (3.76) 

« 0 . 01 ; 

however, with a lower tensor-to-scalar ratio r and a scalar spectrum closer 
to scale invariance, discrimination between the two scenarios becomes harder 
to carry out via consistency equations. For a scale-invariant spectrum and 
taking the ratio r = r max /2 = 0.03, which is within the 2 a likelihood bound of 
[ 278] . from Eq. (13.761) we have Aaf° To) « 0.005, while for r = r max /3 = 0.02 
we get A a^° To) pa 0.002, one order of magnitude smaller than the most 
optimistic high-ratio case. 

Therefore the most direct way to obtain experimental degeneracy is to 
consider functionally different consistency equations, whatever they are, in 
the two regimes and small tensor-to-scalar ratios as well as a nearly invariant 
spectrum, an eventuality which is quite possible in the range of the currently 
available data. A more refined analysis will be performed in the next chapter. 

As a last comment we note that the comparison of the observable quan¬ 
tities nt, a t , and a s must be done with the consistency equations (13.591) and 
not through the SR parameters expressions, Eq. (ESI. This is because both 
we are dealing with independent expressions and there is an evident ambi¬ 
guity in relations between SR parameters and observables when considering 
energy-scale finite differences of the quantities of interest. 
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Noncommutative inflation 


What shall we use to fill the empty spaces? 
— Roger Waters (Pink Floyd), The wall 


4.1 Introduction 

The idea that the early Universe experienced a phase of accelerated expan¬ 
sion has come to a crucial point. Born as a panacea for some problems of the 
standard big bang scenario, the inflationary paradigm has been developed 
and refined during these years, always successfully explaining the available 
observational data. The upcoming generation of high-precision cosmological 
experiments such as WMAP and Planck might definitely operate a selec¬ 
tion on the great amount of inflation-inspired models. On the other hand, 
new theoretical scenarios in which the high-energy physics grows more and 
more in importance have produced a set of interesting research fields imple¬ 
menting the traditional 4D cosmology: therefore we have string cosmology, 
braneworld cosmology, noncommutative cosmology, and so on. 

In their seminal paper [282j . Brandenberger and Ho presented a model 
of large-scale perturbation spectra, in which a noncommutative geometrical 
structure is generated by the stringy spacetime uncertainty relation (SSUR) 

AtAx p >l 2 s , (4.1) 

where l s is the string length scale and x p = a(t)x is a physical space coordi¬ 
nate. It has been argued that this is a universal property for string and brane 
theory PE3II2BHI2E51- This picture (henceforth “BH”) has then been further 

explored in mmm eh eeh eh eh Ena Ena Ena Ena Ena Ena Ena 

and presents many common features with trans-Planckian scenarios with a 
modified dispersion relation 129811299113(401 fanTl lBT)2l 13031 l3TPt j . 1 

: A noncommutative spacetime structure may arise also by taking into account an holo- 
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4. Noncommutative inflation 


In this chapter we construct another noncommutative model based on the 
same philosophy of |282j and confront it with BH in its two versions, the first 
one with the FRW 2-sphere factored out in the action measure and the second 
one with a unique effective scale factor. Scalar and tensor amplitudes and 
indices as well as consistency equations are obtained through the slow-roll 
formalism, both for an ordinary scalar field and a Born-Infeld cosmological 
tachyon. All the observables turn out to be functions of a noncommutative 
parameter, called //, measuring the magnitude of the Hubble energy H at 
the time of horizon crossing in comparison with the fundamental string mass 
M s = l~\ 

Some works have studied the inflationary perturbations treating fi on 
either almost [222, 293 ] or exactly PUDGE] the same ground of the SR pa¬ 
rameters, computing ultraviolet amplitudes and indices via a double or SR 
expansion for small parameters, respectively. Here we will follow a different 
approach and consider /x as a distinct object with respect to the SR tower; 
we will keep only the lowest-SR-order part of the observables and regard any 
//-term as pertaining these leading-SR-order quantities. We stress that, while 
the parameter /x accounts for nonlocal effects coming from the string scale l s , 
the SR tower is determined by the dynamics of the cosmological inflationary 
expansion. Therefore, they describe quite distinct physical phenomena. In 
fact, there is no connection between /i and the recursively-defined SR tower, 
although even the first SR parameter is introduced by hand; the elements 
of the tower are built up of time derivatives of H and they all vanish in 
a dS background, while /i, which contains only the Hubble parameter and 
the string scale, does not. In particular, the lowest-SR-order spectral ampli¬ 
tudes, equivalent to those obtained in a quasi de Sitter model, will depend on 
/x. Beside this motivation, such a procedure has additional advantages. For 
example, we can study regimes with not-so-small /x within the SR approx¬ 
imation; secondly, if one keeps the magnitude of /x unconstrained, one can 
also explore the infrared region of the spectrum, /x 1, through appropriate 
techniques. 

These effective noncommutative models can be extended to braneworld 
scenarios in which the 3-brane experiences a cosmological expansion gov¬ 
erned by an effective Friedmann equation. The precise theoretical setup is 
highly nontrivial even in the commutative case, because of the number of 
requirements to impose on the background forms and spacetime geometry in 
order to have a cosmological four-dimensional variety. We will phenomeno¬ 
logically assume to have a 3-brane in which the SSUR (EH) holds for all the 
braneworld coordinates {x u }, v — 0,1, 2, 3, while the extra dimension y along 
the bulk remains decoupled from the associated *-algebra. 


graphic bound on the information contained in frozen perturbation inodes per comoving 
volume HU- 
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4.2 General setup 

We will keep the general framework of a noncommutative 3-brane in which, 
either in a limited time interval during its evolution or in a given energy patch, 
the cosmological expansion satisfies the effective Friedmann equation (EH). 
To diagonalize the noncommutative algebra and induce a pure 4D SSUR on 
the brane one might fix the expectation values of the 11D background fields 
such that the extra direction commutes, [y,x v ] = 0. Some other subtleties 
to deal with are discussed in Sec. HU 

We identify the noncommutative string mass as the fundamental energy 
scale of the full theory. Best-fit analyses of BH noncommutative models give 
estimates for the string scale M s ~ 10 11 — 10 17 GeV [2SE, EHZ|- In typical 
Hofava-Witten scenarios, the fundamental scale is of order of the GUT scale, 
M s ~ 10 16 GeV, consistently with our hypothesis. 


4.2.1 Leading-order noncommutative observables 

Let 4$ denote a lowest-order perturbation amplitude, 4$ e {A t , 4 S }; in 
general, it can be written as 

4*(/z*, H , = A^(H, ij}) £(//„), (4.2) 


where /i* is a noncommutative parameter to be defined later, 4^ = 4$(£=1) 
is the amplitude in the commutative limit, and £(/x*) is a function encod¬ 
ing leading-SR-order noncommutative effects. The commutative observables 
derived in the previous chapter will be denoted by a superscript (c). 

It will turn out that, up to 0(e 2 ) terms, 


din E 2 
din A; 


(4,3) 


where cr = cr(p*) is a function of /i* such that & — 0(e). The 
is 


d In A% , ct 
n = ~dhtk =n+at ' 

for the scalar spectrum, n = n s — 1. The index running is 


a 


(hi 

dink 


= a (c) + 


d 2 In E 2 
d In k 2 


spectral index 

(4.4) 

(4.5) 


The last term can be written as 


d 2 In E 2 
din it 2 


ere 


2 — 6 — a) e — 2r) 


(4.6) 


with a = —a/(aHe) to first SR order. Because of Eq. (14.21) . the tensor-to- 
scalar ratio is r = and the consistency equations for the scalar runnings 
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read 


a s (cj)) 


<*s{T) 


r( q {( 5 - u)(n s - 1) + [4(3 + 9) - a(7 + 9 + cr 

r Cq {(3 + 0 — cr)(n s — 1 ) + [(2 + 9) (3 + 9) 

— cr(5 + 2 9 + d — a)} r( q } — 


°) )rQ-& 

(4.7) 

(4.8) 


The lowest-SR-order consistency equation for the tensor index is 


n t = [a- (2 + 9)]( q r, 


(4.9) 


and its running is 

at = r( q {(2 + 9 - a)(n s - 1) + [(2 + 9 - a ) 2 - aa] r ( q } . (4.10) 

There is also a next-to-leading order version of Eq. (S3, which we will not 
consider here. 


4.3 Noncommutative models 


Let us introduce the new time variable r G M + , r = f adt = f da/H. With 
a constant SR parameter e, an integration by parts with respect to a gives 


a a 

' “ (! + e)H ~ H ' 


(4.11) 


Ineciuality (EH) can be rewritten in terms of comoving coordinates as 


At Ax > l 2 , 


(4.12) 


and the corresponding algebra of noncommutative spacetime is time inde¬ 
pendent, 

[r,x\ = il 2 s . (4.13) 

The *-product realizing Eq. EH is defined as 

(f*g)(x,T) = r)g(x\ t')\ * . (4.14) 

T f = T 


This realization of noncommutativity is in contrast with 

[x l/t ,x u ]=iO flu , (4.15) 

where 9 fW is a noncommutative parameter. This type of noncommutative 
cosmology, which does not preserve the FRW symmetries, has been studied 
in |3f)71130811309| . Other implementations can be found in |3101131 11 13121 

mm rrm mm rmii rrm msi mo] . 
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4.3.1 BH models 

In the following we will adopt the short notation 

a — a(r), a± = a(r ± kl 2 s ) . (4-16) 

Consider now the action of a free scalar field <£>(r, x) living in a (1+1)- 
dimensional FRW space: 

S — j cirdx ^ ( a 2 d T &d T $ — a~ 2 d x &d x &) . (4.17) 

In the noncommutative models we will study, each conventional product is 
replaced by the ^-product (ITU : thus, the gravitational sector of the theory 
is not a completely passive spectator but is involved via the *-coupling of 
the metric with the matter content. The new 2D action reads, noting that 
a 2 = a * a [j 282| , 

5'bh = j drdx ^ (<9 T <f4 * a 2 * <9 T $ — d x & * gT 2 * ^<1)) . (4.18) 

In the comoving momentum space, 

r f iu 

*{r,x)= - r $ i (r)e fe 1 (4.19) 

where k 0 is a cutoff realizing the stringy uncertainty relation. The most 
convenient way to recast the action is to write the scale factor as a Fourier 
integral, a 2 (r) = f du a 2 (co)e lujr , and perform the ^-products of the complex 
exponentials in the integrand, removing the cutoff in the limit ko —■► oo when 
absorbing the 5®-integrals in momentum spaces. The result is 



where 

Pi = H a i 2 + a - 2 ) ■ ( 4 - 21 ) 

Defining two new objects 


«eff = 

\ = a+a_ , 

V k>k 

(4.22) 

y 2 = 

yPbPb 2a+a_ ’ 

(4.23) 

and the effective conformal time coordinate 



f dr 

(4.24) 


V = / —, 

J a eff 
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the scalar action becomes 

S ~ [ dfjdk^-y 2 (d^-kdr^k - k 2 $_ k $ k ) . (4.25) 

Jk<k 0 1 

To estimate the cutoff k 0 , we note that the energy for the mode k with 
respect to the time variable r is, by the action CPU , E k = ka e ^ . Then, the 
saturated SSUR (El with Ax ~ k 1 and At ~ E k 1 yields 


k 0 = M s a eS . 


(4.26) 


4.3.2 A new prescription for noncommutativity 

Cyclic permutations of the *-product inside the integral (HUH) leave the 
action invariant. Therefore, it is natural to see whether a different noncyclic 
ordering of the factors gives a theory with interestingly new predictions. The 
other nontrivial noncommutative action one can obtain is 

S new = j drdx ^ (<9 T <F * a * d T <f> * a — d x dd * a " 1 * d x § * cT 1 ) . (4.27) 

The same computational pattern of the previous section leads to Eq. ESI) 
with f3 k given by 

Pt = ^ (af + at) , (4.28) 

and 

al s = a^/a + a -, (4.29) 

2 CL-\- CL— 

^ 2 v /a + a_ 

In this case there is only a partial smearing of the product of scale factors and 
one might guess that the resulting noncommutative phenomenology would 
be less pronounced than that of BH model. In the UV limit it will turn out 
that, within a given variation of the noncommutative parameter and in some 
region in the space of parameters, the range of A aC q ^ q,) is slightly smaller 
than in the BH model but always of the same order of magnitude. In the 
infrared region, however, the two models are almost undistinguishable; see 
Sec. n~i~4l 



4.3.3 Four-dimensional effective actions and amplitudes 

When going to 3-| 1 dimensions, the measure z\ of the integral will contain 
the nonlocal effect coming from the SSUR: 


S 


' k<ko 


dr]d 3 k -z\ 


(%$_ k a^ k - fc 2 <f>_ k $ k ). 




(4.31) 
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Here we will consider two classes of models. In the first one, we suppose 
the total measure to be given by the product of the noncommutative (1-1-1)- 
measure and the commutative one: 


Zk = zy\ 


(4.32) 


then, as we are going to show in a moment, 

£ = —(class 1). (4.33) 

a 2 y 

These models, in which the FRW 2-sphere is factored out, will be dubbed as 
“1.” Another interesting prescription consists in replacing the commutative 
scale factor in the measure with the effective one; then, ay —> a eff , 

** = *—, (4.34) 

a 

and 

£ = — (class 2); (4.35) 

a 

models with this £ will be named “2.” 

Let us now look at cosmological perturbations coming from an inflationary 
era and assume, as it is the case, that $ is a generic perturbation satisfying 
the action (Oil) . The spectral amplitude coming from the kt h mode of the 
perturbation is given by Eq. where the expression is evaluated at the 

reference time rj, * to be discussed in a while. Via a change of variable, 


Mk = ~Z k ®k , 

the action (Oil) gives the Mukhanov equation 


d 2 , , 2 1 d 2 z k 

+ k - — ) w k = 0 . 

dr/ z z k dr) z 


Noting that drj/drj = (a/a eff ) 2 , we get the useful relation 


(4.36) 


(4.37) 


V 


-1 

aH \ a, 


(4.38) 


in the lowest SR approximation. If the SR parameters are small, then they 
are constant to leading order because their derivatives are higher order. It 
is then possible to solve the Mukhanov equation with exactly constant SR 
parameters and perturb the obtained solution. Such cosmological solutions 
do exist and can be constructed in a variety of situations [see the discussion 
below Eq. (EZSD]; among them, a particularly important one is power-law 
inflation, which we will use when considering the infrared region of the spec¬ 
trum. Therefore, 

1 d 2 z k fa eB \ 4 1 d 2 z (a eS \ 4 u 2 - 1/4 v 2 - 1/4 

—— -T2= — - 2 -~-^-> 4 - 39 ) 

Zk dri V a / z dr] z \ a / r] z r] z 
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where v = 3/2 + 0(e). With constant v. the solution of this equation is the 
same as that of the commutative case, namely |uk| oc (—rj) 1 ^ 2 Hl 1 \—kr]). In 
the long wavelength limit k/(aH) —> 0, when the mode with comoving wave 
number k is well outside the horizon, the appropriately normalized solution 
becomes, from Eq. (14.381 ) 2 


_L ( 2 _ J_ ( aH \ 2 / Wff 

2 k\krj) 2 k \ k J V a 


(4.40) 


finally, one gets Eq. (14.21) by inserting either definition (14.321) or (14.341) in 
Eq. (13.21) . 

Given a noncommutative brane in a commutative bulk, the nonlocal 
smearing will only affect the pure four-dimensional part of the graviton-zero- 
mode action, while leaving the pure transversal normalization unchanged; 
from the discussion in Sec. EM it is then clear that the noncommutative 
tensor spectral amplitude will be A 2 = A^ 2 E 2 oc £o(2/&)^( 4D )- Therefore, for 
the gravitational spectrum, <f> denotes the coefficient functions of the non¬ 
commutative 4D polarization tensor h${*x) and z is given by Eq. (13.441) . 

The action and Mukhanov equation for a perturbation generated by a 
tachyon field has an additional factor in front of k 2 in Eqs. (14.311) and (14.371) . 
namely the speed of sound for the perturbation: k 2 —> c 2 s k 2 . Since the SSUR 
does not affect products of homogeneous quantities, the noncommutative gen¬ 
eralization of the tachyonic scalar amplitude is straightforward m- Now, 
one may ask how the inhomogeneous version of the original Born-Infeld La- 
grangian em is modified when inserting the *-products. Let us recall that 
noncommutativity naturally arises in string theory when a Neveu-Schwarz- 
Neveu-Schwarz (NS-NS) R-field is switched on in the low-energy tree-level 
action. However, this results in a linearization of the tachyonic action and, 
on the other hand, a large noncommutative parameter may trigger brane 
decay processes ESDI; therefore, the simple noncommutative version of the 
cosmological tachyon might seem too naive. 

Anyhow, tachyon scenarios are not new to counterintuitive behaviours. 
In the slow-roll approximation, e oc T 2 <C 1, the Lagrangian E3) can be 
linearized and the rescaled field (j) = y/VT behaves like an ordinary scalar; 
nevertheless, the theoretical prediction encoded in the consistency relations 
is different with respect to that of the genuine scalar scenario, see Eqs. EH 
and EH). Here, there happens something similar, imagining to turn on and 
increase the H-field smoothly, and the final result differs from the scalar case 
indeed. 

Moreover, the stringy linearization is a feature of realization (IXT3D rather 
than (14.1 3D and the former may give rise to a different cosmological model in 
which FRW isotropy is not preserved |UH1; also, a priori it would be highly 
nontrivial to construct a Lorentz-violating cosmological brane model (in fact, 

2 For the tachyon the comoving momentum is rescaled as k —> kcs, but at lowest SR 
order cs « 1. 
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in the case of a dS brane, maximal symmetry is crucial for coordinate- 
separating the graviton wave equation |5llf252|h 

To further understand the difficulties lying in a full implementation of 
noncommutative string theory in cosmology, it is important to stress that 
all that has been said about the algebra (IXI51) (i.e. instability and cosmo¬ 
logical scenarios) is true only in a purely spatial *-product, 6 0i = 0. When 
trying to introduce noncommutativity in both space and time, as is the case 
of realization (ixm it may be difficult to achieve a coherent, well-defined 
theory. In fact, in the Seiberg-Witten limit reproducing the noncommutative 
geometry, 9 /lu and a'B^ v are kept fixed while —> oo and the Regge slope 
ot —> 0. Let Ei = B 0i be the electric part of the NS 2-form and assume 
\Ei\ 7 ^ 0. Then, while the R-field goes to infinity and approaches the criti¬ 
cal value E cr = (2a') -1 , a classical instability develops and the rate of open 
string pair production diverges E2S; heuristically, the string is tore apart 
by the increasing electric field strength. For these reasons we regard algebra 
(Id. 131) as the starting point of the cosmological setup rather than the ulti¬ 
mate product of some high-energy theory, for the moment leaving the details 
of the latter aside. 

4.3.4 The UV region 

In order to correctly evaluate the perturbation spectra, one must determine 
the time rj 0 when the kth. mode is generated and, later, when it crosses the 
Hubble horizon. Because of the momentum cutoff (14.261) . the analysis for 
the noncommutative case must be conducted separately in the mildly and 
strongly noncommutative regions. 

From the very beginning, one can define the time rj * when a perturba¬ 
tion with wave number k crosses the horizon by the formula k* = k(rj*) = 
a(rj*) H (rj*). This relation provides an operative definition of the number of 
e-foldings (k oc He N ) and the time variation of k , Eq. (13.1 81) . Of course, this 
is valid for any cosmology in which time definitions have zero uncertainty, 
that is for commutative cosmologies and noncommutative cosmologies in the 
range far from the upper bound (irm in the so-called ultraviolet (UV) re¬ 
gion, where k* <C k 0 . In fact, the time of horizon crossing is different from its 
commutative counterpart rj c . since rj c < rj* and the crossing mode is delayed 
|282j . In | 292 j this effect is quantified as kjk* = exp (rj c — rj*). 

On the contrary, one might define the horizon crossing through the z k 
function as 

yefc* (4.41) 

z k dr ] 2 

and get an extra factor of 2; due to the structure of the Mukhanov equation, 
this approach would be valid in any case, let it be the commutative or the 
noncommutative one. 

In the UV region, the cosmological energy scale when the perturbation is 
generated is much smaller than the stringy scale, H(rj>rj 0 ) < H(rj 0 ) <C M s . 
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and noncommutative effects are soft; thus, the smeared versions a± of a can 
be approximated by a since 

kll <C r* (UV region), (4.42) 


from Eq. HD - It is convenient to define the noncommutative parameter 


whose time derivative is 


k = 


kH \ 

a- Ufj 


2 


j 


/i = —4 Hfie . 


(4.43) 

(4.44) 


Note that this relation states that /r is almost constant in a rapidly accelerat¬ 
ing background, regardless of its magnitude. The analogy with the evolution 
equations of the SR tower, e.g., Eq. (12.801) . suggested the authors of [29Tlf292l| 
treat fi as a sort of SR parameter, keeping all the parameters at the same 
truncation level in the expressions of the UV observables. 

At horizon crossing, 




/ 4 = 


y/2aH 



(4.45) 


and Eq. (14.441) is valid for fi*, too. The ultraviolet region is by definition 
the region in which H/M s <C l; 3 it is characterized by long wavelength 
perturbations generated inside the Hubble radius and, in a CMB spectrum, 
this would correspond to the portion of the Sachs-Wolfe (inflationary) plateau 
with not-too-small spherical modes, 10 < l < 100. 

In the commutative case, to use one pivot scale instead of the other 
amounts to different next-to-lowest-order expansions in the SR parameters; 
the 4D consistency equations are thus unaffected, since the introduction of 
the optimized pivot scale (EH) results in a rescaled coefficient C — > (7+111 y/2 
which is not present in them (see, e.g., |292j and references therein for details). 
This is also true in the RS scenario |E2J as well as in general patch cosmology 

EDI- 

In the noncommutative case, the change of the pivot scale doubles the 
magnitude of the parameter (IPol) . The resulting models will display the 
same theoretical features of the k = aH models, but shifted backward along 
the energy scale determined by the ratio H/M s . Observational constraints 
should take the rescaling of the string mass into account, when changing the 
pivot scale. 

In the limit fra . we can Taylor expand the scale factors a± around r 
for small k. To first order in the SR parameters and to all orders in /i, the 
nonlocal dependence of the scale factor is 


a(r±kl 2 ) = a{r) {1 ± + [±^]J - (1 ± ^/Jl) ln(l ± y/Jl)\ e} + 0(e 2 ), 

(4.46) 

3 Without risk of confusion, we will continue to use the symbol /r to indicate the ratio 
H/M s when discussing the UV limit (/r <C 1) of spectral quantities. 
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where the factor in front of e comes from a series whose radius of convergence 
is ju < 1. More precisely, when fi* < 1 then H/M s < 0.8. Since we are 
interested in lowest-SR-order amplitudes, we can neglect the SR tower and 


find 


ci± « (1 ± a . 


(4.47) 


The concrete procedure to compute the spectral amplitudes will be to use the 
horizon-crossing formula ED at in the UV region, and the saturation 
time rj 0 in the infrared (IR) region. In [ 282lj and other papers these instants 
are dubbed rjk and rfl, respectively, to highlight the dependence on the wave 
number. 

4.3.5 BH model IR region 

In the IR region things are quite different: the wave modes are generated out¬ 
side the horizon and, since they are frozen until they cross the horizon, their 
magnitude depends on the time when they were generated. This corresponds 
to the (^-dependent) time rf 0 when the SSUR is saturated, k(rjo) = ko(rj 0 ), and 
quantum fluctuations start out with their vacuum amplitude. The effective 
and smeared scale factors must be evaluated at this instant; the expansion 
(14.4711 is no longer valid since H S> M s in the infrared. To proceed one can 
explicitly use the exact solution around which the equation of motion for the 
perturbation has been expanded. The power-law solution a = ciot n corre¬ 
sponds to a constant index w , when the scale factor is a(r) = aor n ^ n+1 \ and 
H = naoT~ 1 ^ n+i y(n + 1), where a 0 = (n + l) n ^ n+l ^a\j^ l+1 \ For an expo¬ 
nential scale factor (de Sitter expansion, n —> oo), a(r) = Hr, in accordance 
with Eq. (14.111) . From Eqs. (14.261) and (14.221) . 


r 0 = kl 2 s V 1 + 5, 


(4.48) 


where ro = r(?/o) an( l 



(4.49) 


In the infrared region, 


kl“l ~ t 0 (IR region), 


(4.50) 


and 


a 


Hkl 2 s V 1 + 5, 


(4.51) 

(4.52) 


a± 



where evaluation at r 0 is understood. When 5 > 1, we recover the UV or 
quasicommutative region since kl 2 -C r 0 < r*. Actually, the UV and IR 
spectra may be joined together in an intermediate region, as it was shown in 
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[287]: in particular, see their Eq. (12), corresponding in the de Sitter limit 
to E 2 ~ 5(1 — 3^//i*/2). We will not be able to recover this spectrum within 
our formalism; however, we will describe other hybrid regimes by using the 
methods adopted in the IR region (2 < l < 10) for 5 1. For future 

reference, note that 

5 = 26He. (4.53) 


4.3.6 New model IR region 

In the “New” model, the effective scale factor is given by Eq. (Ti~29l) . From 
Eq. (14.261) . 

r o — kl 2 s + 7 , (4.54) 

where 

7 = - (Vl + 45 2 — lj . (4.55) 

With this definition, the new expressions for a and a± are identical to Eqs. 
(Ton and (irm with 5 replaced by 7 . Equation em is replaced by 


47(7 + 1) 

I + 27 


(4.56) 


In the far IR region, 7 « 5 2 < 1, while in the UV limit 7 ~ 5 3> 1. 

Without further justifications, the IR region of the spectrum, H M s , 
may be not very satisfactory from a string-theoretical point of view, either 
because we are above the fundamental energy scale 4 and due to the above- 
mentioned classical instabilities. As it is done in many other occasions in 
early-Universe cosmology, we will turn a blind eye to this point and seek 
what are the observational consequences of the extreme regime of the present 
noncommutative models. 


4.4 Noncommutative zoology 

We are ready to collect all the machineries developed so far and inspect the 
noncommutative models at hand. 


4.4.1 BH1 


In the BH1 case, 


In the UV region, 


2(a + a_) 3 
a 4 (a+ + a 2 ) ’ 


(4.57) 


v^2 _ ( 1 — U *) 3 __ 8 /i *(2 + ^*) __ 8 (/i 2 + /r* + l) (A ccA 

_ 1 + U* _ 1 — At* (2 + /i*)(l — t-L%) 

4 However, the space-momentum stringy uncertainty relation, implying Aa) p >l s , is not 
a universal property of the theory. 
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For fi -C 1 one recovers the nearly commutative, //-expanded behaviour 5 

E 2 ~ 1 — 4/i*, a ~ 16/i*, cx ~ 4. (4.59) 

In the IR region, 

_ 5 3 _ 4(25 + 3) _ _ 25(25 2 + 65 + 5) 

(2 + 5)(1 + 5) 2 ’ (2 + 5)(1 + 5)’ (3 + 25)(2 + 5)(l + 5)' 

(4.60) 

In the commutative limit (5 1), E 2 ~ 1, while in the strongly noncom¬ 

mutative regime (5 -C 1), E 2 ~ 5 3 /2 and a ~ 6 — 55, in agreement with 

P%Tj . 6 


4.4.2 BH2 

From Eqs. (HH and (051) . 


a + a - 


In the UV, 


S 2 = 1 - /i*, a = 


4/i* 


1 /i* 

For // -C 1, a « 4/i* and cx « 4. In the IR, 


E 2 = 


5+1 ’ 

When 5 -C 1, cr ~ 2(1 — 5). 


a = 


cr = 


5 + 1 ’ 


a = 


1 /i* 

25 

5~+T' 


(4.61) 


(4.62) 


(4.63) 


4.4.3 Newl 


The correction to the commutative amplitude reads 


E 2 


2(a+a_) 3/2 
a 2 (a + + a_) 


In the UV region, 

S 2 = (1 - /+) 3/2 , 


6 /i* _ 4 

1 a = 1 -• 

1 — +* 1 — //* 


In the IR limit, 


E 2 = 



6 _ _ 87(7 + 1) 

I + 27 ’ (I + 27) 2 ' 


(4.64) 


(4.65) 


(4.66) 


In the strongly noncommutative limit (7 -C 1), E 2 = 7 s / 2 and a = 6 + 0(5 2 ). 

5 Throughout the paper we will keep only the leading-order term in the approximated 
a since there is a cr factor in front of it in Eqs. and (TO1 . 

6 Eqs. (44)-(47) of |282| are not correct, due to a missing power of y in the inserted z/!; 
in Eqs. (23)-(25) of [28V the correct amplitude is recovered. 
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4.4.4 New2 

From Eqs. and ra, 


-,2 _ x / a + 0 '- 


E^ = 


The UV limit gives 

£ 2 = \/l — /J* , 


cr = 


2 /^* 


1 fly* 


a = 


1 /^* 


In the IR region, 

V 7 + iy 1 + 27 

For 7 <C 1, cr = 2 + 0(<5 2 ). 


87(7 + 1 ) 
(l + 2 7 ) 2 ‘ 


(4.67) 


(4.68) 


(4.69) 


4.4.5 Discussion 

To summarize, we can compare the considered models in the perturbative 
limits, that is, the UV commutative limit (/id) and the IR noncommuta¬ 
tive limit (5 ~ -Cl). Trivially, in the nonperturbative or commutative 

IR region (5 ~ 7 1), a ~ a± and one recovers the standard spectrum, 

E 2 = 1 and a = 0; also, by construction, the noncommutative UV region is 
ill-defined. 

In general, we can write the UV commutative limit of the relevant quan¬ 
tities as 


E 2 « 1 — b/i *, (4.70a) 

cr ~ 46/i*, (4.70b) 

a ~ 4, (4.70c) 

where b is a constant. As anticipated, the structure of the IR amplitudes 
also permits a perturbative expansion around 1/5; in this case, spectral am¬ 
plitudes are evaluated at k < ko via the power-law solution. The IR commu¬ 
tative limit is then 

E 2 « 1-&VW2, (4.71a) 

a « 2b^Z/2, (4.71b) 

a « 2; (4.71c) 

from the previous discussions, it is natural to interpret this as an intermediate 
momentum region at the edge of the UV regime, around [i < 1 where Eq. 
(EH) ceases to be valid, and corresponding to perturbations generated across 
the Hubble horizon. In fact, what one does is hit this region starting from 
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the low-momentum IR side. The above-mentioned junction spectrum of [2B7] 
is located somewhere closer to the infrared. 

Table 14.11 shows that all the models display similar asymptotic limits 
towards different numerical coefficients, the BH ones being larger than the 
New ones; the coefficient of BH1 is 4 times that of model 2 within each 
region (UV or IR), while this ratio is reduced to bi/b 2 = 3 in the New model. 
Thus, there is less difference between model Newl and model New2 with 
respect to that occurring between BH1 and BH2, further confirming that the 
“half-smearing” of the new scenario somehow softens noncommutative effects. 



UV 

b 

IR 

E 2 a 

BH1 

4 

<572 6 

Newl 

3/2 

5 3 6 

BH2 

1 

5 2 

New2 

1/2 

5 2 


Table 4.1: Noncommutative perturbation amplitudes in the UV (first order 
in n < Cl) and IR (first order in 5 1) limits. 

The intermediate spectrum EH) breaks down when E 2 < 0, that is 
when H/M s > 0.5 (BH1), 0.8 (Newl), 1 (BH2) and 1.4 (New2); therefore 
Eq. (14.711) well describes class 2 models at the UV boundary /x < 1 while it 
is not particularly reliable for class 1 models. 

In the deep UV or commutative limit, the linear approximation (14.701) 
properly encodes all the phenomenology of the models; however, the exact 
noncommutative amplitude better describes the behaviour of the cosmologi¬ 
cal observables in the full span of the UV region. To see this, let us compare 
the function cr, governing the energy dependence of the spectral index El), 
with its approximated version cr appr given by Eq. (14.70bl) : we plot the quan¬ 
tity (a — cr appr )/cr for the UV models in Fig. 14.11 The BH2, Newl and New2 
models display the same linear trend in /x*, while the BH1 curve is a little 
below the bisector; the approximation error is up to 50% for /x* < 0.5, cor¬ 
responding to H/M s < 0.7, and goes below 10% when H/M s < 0.5. An 


Figure 4.1: The relative approximation error (cr — a appr )/o vs /x* in the UV 
sector. The thin line is for BH1, the thick line is a superposition of BH2, 
Newl and New2. 

analogous treatment of Eqs. El) and El) shows that the difference be¬ 
tween the /tx-exact and the approximated scalar running may be even greater 
than the WMAP experimental error for this observable, a s — a s , appr > 10 2 , 
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Figure 4.2: The relative approximation error (cr — cr appr )/c> vs 5 in the IR 
sector. The thin solid line is for BH1, the thin dashed line is for BH2 and 
the thick line is a superposition of Newl and New2. 


(Non) commutative 
models 

GB 

n t /r 

RS 

4D 

Commutative UV (a = 0) 

-1 

-2 

-2 

Class 1 IR (a = 6) 

5 

2 

4 

Class 2 IR (cr = 2) 

1 

2 

3 

0 


Table 4.2: The consistency equation (S3 in the commutative UV and non¬ 
commutative IR limit. 

for any 6 and suitable values for n s and r in the allowed range. Therefore, 
the following analysis has been conducted with the full nonlinear amplitude. 

Table ST] reports the noncommutative high-energy limit in the IR region. 
In particular, the spectral amplitude of Newl is twice the amplitude of BH1; 
however, within each class (1 and 2) a unique set of consistency relations is 
generated. In the perturbative noncommutative limit, 5-C 1, the IR version 
of (cr — cr appr )/cr is shown in Fig. 14.21 The relative approximation error is up 
to 20% for the BH models and 5 < 0.5, while it is up to 40% for the New 
models. The curves of Newl and New2 models coincide. 

In standard cosmology, the consistency equation relating the tensor index 
n t and r is adopted in order to reduce the space of parameters. The function a 
in Eq. (S3 contains a new theoretical parameter, the string energy scale M s , 
which enlarges the standard space of cosmological variables. In principle, this 
might pose some problems if one wanted a reasonably stringent constraint on 
the observables, facing an uncertainty similar to that one gets when keeping 
n t unfixed [322J- In the UV commutative region cr 1, however, one can 
use the known results for the 4D, RS and GB likelihood analyses in order to 
compare the consistency equations in the allowed range. 

The IR noncommutative limit is easier to deal with since the asymptotic 
form of Eq. (S3 is independent of the string scale, as it is shown in Table l4~2l 
Some features are particularly interesting: ( i ) The infrared RS2 models are 
the only ones with a negative tensor tilt, other noncommutative realizations 
giving a tilt sign opposite to that of the commutative case; ( ii ) 4D class 
2 models predict an exactly scale-invariant tensor spectrum to lowest order 
in SR, setting n t ~ 0(e 2 ); (in) The highest proportionality coefficient is 
provided by GB class 1 models, allowing a greater tilt given the same tensor- 
to-scalar ratio. Then the perturbation spectra tend to be blue tilted in the 
IR region relative to the UV commutative case. 7 


'It is interesting to note that the sign of the correction to the scalar index (+) and 
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Figure 4.3: Comparison of BH and New models in the ultraviolet (a) and 
infrared (b) region (thick line: 1-models; dashed line: 2-models). 

Although there are 3 • 2 4 = 48 models at hand and a great amount of 
information to deal with, some preliminary considerations will permit us to 
simplify such an intricate taxonomy and draw theoretical curves in a reason¬ 
able region in the n s -r plane. Let us first compare the BH scenario with the 
New one and define \a\ = (cr BH + cr New )/2 and A = (cr BH — cr New )/|cr|. Figure 
Qa) shows that in the commutative region BH and New models are consid¬ 
erably different, being A/ v = 2(/i* + 5)/(7/i* + 5) ~ 10/11 when /x* —> 0 and 
AJ/ V = 2/3. In the limit yU* —> 1, A/ v —■» AJ, TV ; this is a spurious effect due 
to the breaking of the Taylor expansion (TQ71) . as one can see by considering 
the commutative limit of the IR spectra in Fig. 14.31 b). In fact, A'/ % A™ 
when 5 —> y/2 and, as expected, A/ 1 —> 10/11 and AJ> R —^ 2/3 when <5 —► oo. 
All this is in accordance with Table EU However, in the IR noncommutative 
limit there is little difference between BH and New models, being A < 10%. 
Therefore, we will only show the results of New in the infrared and skip the 
almost identical counterparts in BH. 

A similar inspection shows that class-1 and class-2 models are quantita¬ 
tively nondegenerate, getting o\ = 3 <T 2 for New and BH-IR, and a\ = 4<72 for 
BH-UV, in agreement with Table ITT! Note that these results are independent 
of the bulk physics. 

The versatility of the patch formalism allows coupling it to a noncommu¬ 
tative background in a great number of ways. For example, a realistic picture 
of the cosmological evolution would be to adopt one particular patch regime 
in a time interval when a given region of the (non)commutative spectrum is 
generated; one may then associate the IR region of extra-horizon-generated 
perturbations with the early-Universe high-energy period, when the extra 
dimension opens up and the Friedmann equation suffers either GB or RS 
modifications. The consequent evolution is GB-IR —> RS-IR/UV —* 4D-UV. 
Another possibility is to consider pure energy patches and study the non¬ 
commutative spectrum in GB, RS, and 4D separately. 


4.5 Consistency equations and observations 

The introduction of the new degree of freedom provided by the noncommu¬ 
tative parameter does not complicate the analysis of Sec. 13.5.11 nor triggers 
further degeneracies in any of the concrete (non)commutative braneworlds. 
Let us consider the consistency relations (D- dUHD, (D and (TOl in their 
closed form, assuming the prior (13.601) . Since theoretical degeneracy of con¬ 
sistency relations should be independent of the particular value of horizon- 


its running (—) agrees with the results coming from a pure spatial realization of the 
noncommutative algebra mm- 
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crossing quantities, we investigate only the IR case with constant a, that is 
in the IR limit S -C 1 (a — 0) . 

We do not care for exact degeneracy and consider only effective and tensor 
degeneracy between two models (if), 6, a) and (?/, 6', a'), always discarding 
the commutative case a = a' = 0. Patch models display lowest-order tensor 
degeneracy when 

(2 + 9 - a)( q = (2 + & - a')C q ’ ■ (4-72) 

If cr / a', this translates into a±o — a gb = 1, cr \d = 2ctrs/ 3, or 2a rs/^ — 
&gb = 1- As regards effective degeneracy: 

• 0 T: Scalar and tachyon models are never degenerate; 

• cj) cp: Degeneracy is possible only when a / a' and at least one 
of the two models is not 4D, RS or GB. In general, it must be 6 = 
(3cd + 100' - 2a'6' - 15)/(2 -6'), a = ( a' - 56' + 5)/(2 - 6') and 
^ = ^( 2 - 0 '); 

• T <-+ T: The degeneracy conditions read 6 — a = 9' — a' and ( q = ( q i. 
Therefore, a^c — ctgb = 1- 

To summarize, among the known braneworld commutative models there 
are two lowest-SR-order tensor degeneracies, one between scalar and 
tachyon cosmologies and one between the four-dimensional scenario and the 
Randall-Sundrum braneworld; when noncommutativity is turned on, these 
braneworld models can be degenerate with suitable values of the noncom¬ 
mutative parameter, but not in the classes investigated above. This result 
holds under the standard assumption (13.6011 , which permits to close the ex¬ 
pression for the scalar running. If the inflaton potential does not satisfy such 
a dynamical constraint, as in the case of power-law ordinary inflation, then 
the consistency relations (EH) and (S3 are modified. For example, we will 
see that it may be convenient to perform numerical analyses via the horizon- 
flow formalism; when one neglects the third flow parameter 63 with respect 
to 61 = e, it turns out that the scalar and tachyon scenarios are always effec¬ 
tively degenerate if Eq. sm holds, since the scalar running is then given 
by Eq. (14.101) in both cases |93j . The discussion for the lowest-order tensor 
degeneracy would thus also apply to the effective degeneracy. Should this 
be the most realistic scenario, the adoption of one field instead of the other 
would be important only at second order in this model-independent context, 
in which nothing about the shape of the potential is said; anyway, the univer¬ 
sal equation dm would continue to determine the condition for degeneracy, 
excluding coincident predictions from the braneworld (non)commutative se¬ 
tups we have considered. 
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Figure 4.4: Act s as a function of r and /j* in the fD ultraviolet region with 
n s — 1. The noncommutative models are BH1 (a), BH2 (b), Newl (c) and 
New2 (d). 

Figure 4.5: Aa s in Randall- Sun drum BH1 ultraviolet as a function of r. The 
values for the scalar index are n s = 0.9 (dashed lines), 1 (solid lines), 1.1 
(dot-dashed lines); the values for /i* are 0 (thin lines), 0.2 (thick lines) and 
0-4 (very thick lines). 


Figure 4.6: Act s as a function of r for ultraviolet GB-BH1 (a), 4D-BH1 (b), 
GB-BH2 (c), 4D-BH2 (d), GB-Newl (e), 4D-Newl (f), GB-New2 (g), 4D- 
New2 (h). The values for the scalar index are n s = 0.9 (dashed lines), 1 
(solid lines), 1.1 (dot-dashed lines); the values for /x* are 0 (thin lines), 0.2 
(thick lines) and 0.4 (very thick lines). 

4.5.1 A first estimate of noncommutative effects 

Let us compare the running of the scalar index of ordinary-inflaton and 
tachyon-inflaton fields, 


A a s = a s (4>) - a s (T). (4.73) 

Since the graphic material is very abundant, we give just a selection of it; 
the full set of bi- and three-dimensional figures of this and other combined 
analyses are available upon request to the author. Different analyses would 
point out other important aspects of the models; one may set his/her fancy 
free by looking at cross comparisons with general relative running Eq. urn 
It should be noted that observations might not distinguish between the ordi¬ 
nary scalar and the tachyon, Acc s = 0 (see Sec. 14.7.211 . However, the example 
provided by Eq. (14.731) still gives an idea of the order of magnitude of non¬ 
commutative effects that can discriminate between one patch and another. 

In Fig. 14.41 the relative running A a s (n s = l,r,/x*) is presented for 4D 
noncommutative models in the ultraviolet. Two-dimensional slices are then 
displayed in Figs. 14.51 and 14.61 Figure [Q1 shows that the relative running in 
Randall-Sundrum is rather modest; on the contrary, in GB and 4D noncom¬ 
mutativity may conspire to bias Eq. (14.731) and, in particular, the scalar run¬ 
ning above the current WMAP uncertainty estimates, O(10~ 2 ). Braneworld 
effects, if any, should become more apparent in Planck data, for which the 
forecasted error is one order of magnitude smaller, A a s ~ 0(1CT 3 ) |281j . In 
each 2D plot we keep the commutative model as a reference. Note that to 
increase either n s or S (/xjT 1 ) pushes Aa s towards positive values. Finally, 
Figs. 14.71 and 14.81 show some features of the New scenarios in the infrared 
region. 
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Figure 4.7: A a s as a function of r and 5 in the GB infrared region with 
n s — 1. The noncommutative models are Newl (a) and New2 (b). 

Figure 4.8: Aa s as a function of r for infrared GB-Newl (a), J^D-Newl (b), 
GB-New2 (c), 4D-New2 (d). The values for the scalar index are n s = 0.9 
(dashed lines), 1 (solid lines), 1.1 (dot-dashed lines); the values for 5 are 0.2 
(thin lines), 0.4 (thick lines) and 0.6 (very thick lines). 

4.6 Large-field noncommutative models 

Even if the dynamical conditions are slightly more precise within the Hubble 
SR formalism, the V-SR towers of Secs. I2.3.2l and l2.3.4l fit better for numerical 
analyses like that we are going to carry out in Sec. 14.71 Using the relations of 
Sec. 12.3.51 the inflationary observables A^, n Sl and R = 16r read, to lowest 
SR order, 


n s - 1 


R 


9/% 

25tt 2 V' 2 ’ 

2*7* - (4 - a) 


1 

3%V« 


2V" + (a - 6) 


qV^ 

YV 


16 q V' 2 
6(3q(q V0+ 1 ' 


7 


For the tachyon, the inflationary observables are 


A 2 (T) 
n s - 1 


R 


9# y* +1 r2 

25vr 2 U /2 

2q T — (2 + 0 — a) e T 


1 

3/3qV q 


2 U" 


(4 + 0 


16 q V' 2 
6/3 2 ( q V q + 2 ' 


4 U ": 


(4.74a) 

(4.74b) 

(4.74c) 

(4.74d) 


(4.75a) 

(4.75b) 

(4.75c) 

(4.75d) 


In this section we consider an important class of inflaton potentials, namely, 
the large-field models 


V(i/>) = Vo V, ^ = (4.76) 

in which the inflaton field starts with a large initial value and rolls down 
towards the potential minimum at smaller if. The linear potential with 
p — 1 corresponds to the border of large-field and small-field models. The 
exponential potential 


V = Vq exp (-if/ipo) , 


(4.77) 
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characterizes the border of large-field and hybrid models. This case can be 
regarded as the p —> oo limit of the polynomial potential (14.761) . 


Making use of the ESR approximation we obtain 


N&) « ~3(d 2 q 



(4.78) 


for the scalar field 0 , and 


N(T) « —3(3 q 



(4.79) 


for the tachyon field T. Here we make use of the backward definition N = 
ln(a//a) of the number of e-foldings. 

The potentials (14.761) and (14.771) cover a number of exact solutions either 
exactly or approximately. In fact, the commutative solutions of Sec. 12.51 are 
perfectly viable in the noncommutative case too, since the nonlocal physics 
does not affect the homogeneous background. The unique apparently subtle 
point is that in the IR region one explicitly uses the exponential solution to 
construct the perturbation amplitudes, contrary to the UV case in which it 
is implicitly assumed in the approximation of constant SR parameters. How¬ 
ever, the subtended philosophy is quite the same, that is to find a general 
solution with constant nonzero SR parameters and then to perturb it with 
small time variations. Despite these simple considerations, the predictions of 
these homogeneous models definitely change when spacetime becomes non¬ 
commutative. 

4.6.1 The ordinary scalar field 0 

For the scalar potential ra with the ordinary scalar field 0, we have 


p\ 0 1 q p(6q — uq — 4) + 4 
“602 02+(9-l)p 


(4.80) 



(4.81) 


We can estimate the field value at the end of inflation by setting e^(t/) = 1, 


which yields 0j ( ' <? 1)+2 ~ qp 2 /{6/3 %Vq X ). 8 Then the number of e-foldings 

cna is 



(4.82) 


8 One may adopt the criterion = 1 to estimate the value 0/, but the difference 

is small as long as p/N <C 1. 
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which is valid for p 7 ^ 2/(1 — q). The scalar index and the tensor-to-scalar 
ratio are 


p(6q — aq — 4) + 4 

(4.83) 

2N (pq — p + 2) + pq' 

16 qp 1 — n s 

(4.84) 

Cq P( 6q -aq- 4) + 4 ' 


As discussed in Sec. 14.2.11 the tensor-to-scalar ratio R does not involve the 
parameter cr, since this quantity is invariant by taking the noncommutative 
effect into account; this is evident when expressing Eq. •rum, in terms of 
N. The main change due to spacetime noncommutativity appears for the 
spectral index n s . 

For the commutative spacetime (a = 0) one can easily verify that the 
above results reduce to what was derived in HZH1 for the 4D and RS scenarios. 
In these cases scalar perturbations are red tilted (n s < 1). The spectrum can 
be blue tilted when noncommutativity is switched on. For example, let us 
consider the noncommutative limit a —> 6 . In this case we have 


n s - 1 


4(p~ f) 

2N (pq — p + 2) + pq 


for 


a 


6 , 


(4.85) 


which means n s > 1 for p > 1. Therefore it is possible to explain the loss of 
power in the spectrum at large scales, as we shall see in Sec. 14.8.31 

The exponential potential (14.771) corresponds to the limit p —> 00 in Eqs. 
ra and (P~8l . thereby yielding 


n s — 1 = 


R = 


4 — (6 — a)q 
2 N(q - 1) + q ’ 

16 q 

( q (2N(q-l) + q]’ 


(4.86) 

(4.87) 


which is valid for q 7 ^ l . 9 This gives the border between large-field and hybrid 
models 

R = ~ tt r ~ —-!) • ( 4 - 88 > 

( q (6q -aq- 4) 

In the case of 4D (q = 1) we find that the border of large-field and hybrid 
models extends to the region of n s > 1 for a > 2. Thus, in the regime where 
the noncommutative effect becomes important (2 < a < 6), one can obtain 
a blue-tilted spectrum even in the large-field models, which is not possible in 
the commutative case. 

Note that the border of large-field and small-field models corresponds to 
p — 1 , giving 

16 

R = - rm „4 ■ < 4 ' 89 > 

C?(6 - <r) 

This border does not extend to the region n s > 1 for a < 6 . 

9 The power-law inflation does not end for the 4D case unless the slope of the exponential 
potential changes. 
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4.6.2 The tachyon field T 

For the scalar potential cnsu with the tachyon field T, we have 


p pq( 4 + 0 — a) + 4 
~6f3 2 V q T 2 +ip 

16 VP 2 T ~2—qp 

W 2 q ( q v 0 q 


(4.90) 

(4.91) 


Since inflation ends at Tj? p+2 ~ qp 2 /(§0^ Vjf), the number of e-foldings is 
estimated as 


N 


Then we get 


t „ + 2 VP 

p(pq + 2) 2 (pq + 2) ’ 



(4.92) 


p(6q — aq — 2) + 4 
2N(pq + 2) + pq 
16 qp 1 — n s 

Cg 7»(6g - erg - 2) + 4 ’ 


(4.93) 

(4.94) 


where we used Eq. (02). For the 4D0 spacetime, these results reproduce 
what was obtained in HE5|. The tensor-to-scalar ratio is smaller relative to 
the case of the ordinary scalar field 0, thus preferred observationally [ 1"88i| . 
The effect of noncommutativity can lead to a blue-tilted spectrum (n s > 1) 
as is similar to the case of the field 0. 

For the exponential potential (EH) one gets 


n.s - 1 


R 


4 + 6 — a 

21V+ 1 ’ 

16 

Cj(21V + 1) ’ 


(4.95) 

(4.96) 


which is obtained by taking the limit p —> oo in Eqs. (14.931) and (14.941) . This 
gives the border of large-/hybrid-field models 


R 


16 

04 + 0 



1)- 


(4.97) 


In the 4D case this border belongs to the region n s > 1 for a > 4. 
The border of large-/small-field models is 


R 


16 q 

C?(6<? — erg + 2) 


1 ), 


(4.98) 


which does not extend to the region n s > 1 for a < 6. 
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4.6.3 The difference between <j) and T 


By Eqs. (14 .8 811 and (14.9811 we find that the spectral index n s of the ordinary 
field and the tachyon field differs both in the denominator and the numerator. 
By Eqs. (14.8411 and (14.9411 the difference for the ratio R only appears in the 
denominator 


16 qp 

( q [2N(qp + 2 -b) + qp\' 


(4.99) 


where b = p for i/> = </>, and b = 0 for -0 = T. Therefore the tensor-to-scalar 
ratio in the tachyon case is smaller than in the ordinary scalar field case 
when p > 0. This property implies that tachyon inflation is less affected 
by observational pressure as was pointed out in the 4D commutative case 
|188j . In the next section we shall study this issue in detail in the context of 
noncommutative inflation. 


4.6.4 Theoretical structure of the n s -R plane 

Before considering each noncommutative case, it is important to understand 
the behaviour of the theoretical curves on the n s -R plane. The effect of the 
noncommutative parameter a has a straightforward geometrical interpreta¬ 
tion. Let us define x = n s — 1 and y = R, together with the polar coordinates 
q = \Jx 1 + y 2 and sin x) = y/g centered at (1, 0) in the n s -R plane. From the 
last section, we know that 


y = 7 (q,P,e)x, 




16 qp 


C>( 6 g — crq- c)+4] ’ 


(4.100) 

(4.101) 


where c = 4 for 0 = 0, and c = 2 for 0 = T. Then, g 2 = (1 + y 2 )a ; 2 and 
tan$ = 7 . Since pq > 0 in the cases we consider, d is a decreasing function 
in terms of cr. Therefore, as a increases, the theoretical points are rotated 
clockwise in the g-f) plane. This rotation is mainly governed by cr rather than 
p when p is large, which can be seen from the computation of the logarithmic 
variation of 7: 

d In 7 4 cl In 7 

- r L = —-r L - I 4 - 102 ) 

dp qp z da 


This also implies that, for a given a, the three models p = 2,4, +00 lie on a 
wider range of radii for smaller values of q. As we shall see later, this effect 
is particularly evident in the Gauss-Bonnet case with respect to the 4D and 
RS cases in the same (non)commutative class. 

The divergence of 7 at the asymptote •& = 7 r/2 identifies those models 
generating a scale-invariant scalar spectrum n s — 1. They are listed in Table 
m for fixed a and q. In particular, ordinary-scalar class 2 models cannot 
give n s — 1 if one imposes the condition p(q — 1 ) + 2 7 ^ 0 for inflation to have 
a natural end. The tachyonic counterparts are those with pq + 2^0, and 
only the 4D2 case is excluded. 
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Note that class 1 patch models admit only one scale-invariant potential 
for each inflaton, that is, the linear potential for 0 and the quadratic one for 
T. Another frequent case is p = — 2 (scalar 4D0, tachyon 4D2 and tachyon 
GB2), which however does not match with the exact power-law solutions of 
Sec. 12.51 (RS scalar and 4D tachyon). Anyway our interest in this paper are 
the models with positive p (p > 2) that lead to natural reheating. 



0 (Class 0) 

a 

6 (Class 1) 

2 (Class 2) 


4D 

-2 

1 

oo 

0 

RS 

-1/2 

1 

-1 


GB 

oo 

1 

3 


4D 

-1 

2 

-2 

T 

RS 

-2/5 

2 

-2/3 


GB 

-2 

2 

-6 


Table 4.3: Values of p for scale-invariant models. 


4.7 Likelihood analysis: noncommutative 
inflation 

In this section we study constraints on a number of patch inflationary mod¬ 
els in noncommutative spacetime using a compilation of recent high-precision 
observational data. In particular, we perform likelihood analyses 10 in terms 
of inflationary observables using the new consistency relation (S3 and con¬ 
front them with large-field inflationary models with potential V oc i/j p in the 
two classes of IR noncommutative scenarios. In [2T8H2THI it was shown that 
the 4D/RS quartic chaotic potential (V oc 0 4 ) is under a strong observational 
pressure and that steep inflation driven by an exponential potential is ruled 
out. This situation changes if we account for the Gauss-Bonnet curvature 
invariant in five dimensions. One effect of the GB term is to break the degen¬ 
eracy of the standard consistency relation EU Although this does not lead to 
a significant change for the likelihood results of the inflationary observables, 
the quartic potential is rescued from marginal rejection for a wide range of 
energy scales ra- Even steep inflation exhibits marginal compatibility for a 
sufficient number of e-folds (N > 55). 

Here we implement both braneworld and noncommutative frameworks as 
well as the standard 4D commutative/noncommutative paradigm. Our nu¬ 
merical analysis based on recent observational data will show that the gen¬ 
eral shape of likelihood contours in the n s -R plane is deformed independently 

10 The likelihood analysis is one of the so-called “top-down” approaches: one asks what 
is the probability that a theory predicting a given set of observables would realize the 
observed experimental data |323j . 
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by braneworld and noncommutative effects. The major modification to the 
4D/RS commutative cosmology appears for the upper bound of R — 16r, 
roughly setting it in a 2 a interval with 0.5 < .R max < 0.7. The scalar index 
always ranges 0.9 < n s < 1.1 at the 2cr level. 

For later convenience we dub the commutative spacetime (a = 0) as “class 
0.” Also, in the figures the 4D case is indicated as “GR” (general relativistic). 

4.7.1 HF consistency equations 

At first order in the HF parameters defined in Sec. 12.3.71 the spectral indices 
of scalar and tensor perturbations are given by 

n s — 1 = — (2 + 9 — cr)ei — e 2 , (4.103) 

n t = -(2 + 9-a)^. (4.104) 

The lowest-order ratio of tensor-to-scalar perturbations is 

R = 44l, (4.105) 

while the runnings of the spectral indices are given by 

a s = -(2 + 9 - cr)eie 2 - crael - e 2 e 3 , (4.106) 

a t = — (2 + 9 — cr)ei62 — crael. (4.107) 

The resulting (nonclosed) set of consistency equations is 

n t = -(2 + 9-a)^, (4.108) 

16 

a s = j(2 + 9 - a)(n s - 1) + [(2 + 9 - a) 2 - aa] - e 2 e 3 , 

(4.109) 

°4 = j(2 + 9 - a)(n s - 1) + [(2 + 9 - cr) 2 - aa] . (4.110) 

Notably these relations do not depend on which inflaton field one is assuming 
on the brane, except for the term 6263. This means that the likelihood analysis 
for the field (j) in terms of the variables n s , R, and 63 with given values of g, 
cr, and a is identical to the one for the tachyon T. 

With the SR parameters the running of the scalar perturbations splits 
into Eqs. m and (E3); then one would need to perform two separate 
likelihood analyses. In this sense, the HF parameters are a more convenient 
choice for numerical purposes than the SR parameters, while the adoption 
of the SR parameters better highlights the difference between the scalar and 
tachyon dynamics already to first order. 











4.7. Likelihood analysis: noncommutative inflation 


83 


4.7.2 Likelihood contour bounds 

In [ 287] the CMB spectrum of power-law inflation was divided into three 
main regions, ultraviolet, intermediate, and infrared. If the IR spectrum 
corresponds to the scale around 1 < l < 10, then the cosmologically relevant 
modes with 10 < l < 1000 also belong to the same IR spectrum. This is 
because the characteristic scale of this spectrum is k s 3 = 10 _5 /c S 2 , where k s 2 
is an intermediate scale around which the IR description becomes invalid 
[see Eq. (12) of [2£7]]- However, it was assumed that it is the intermediate 
spectrum that dominates at large scales (1 < l < 10), following the approach 
of Ref. . 

In this section we will adopt another perspective, that is, to consider the 
far IR regime as a dominant contribution to the large-scale spectrum. So we 
shall assume that the IR spectra E 2 ~ 5 3 [class 1, which is Eq. (23) of [ 287 ] 
in the de Sitter limit] and E 2 ps 5 (class 2) correctly describe the large-scale 
sector with 1 < l < 10. Since one generally has k s 2 k s 3 , it is natural 

to use the IR power spectrum over the cosmologically relevant scales with 
1 < l < 2000 . 

We have run the Cosmological Monte Carlo COSMOMC code together with 
the CAMB program [321 f325l 1326] , applied to the latest observational data 
coming from the data set of WMAP [327], 2dF [328] . and SDSS [EU, 8BJ- We 
implement the band powers on small scales (800 < l < 2000) coming from 
CBI [329]. VS A |330j . and ACBAR [1 331] experiments. 

The set of inflationary observables is {A 2 , R , n s , n t , a s , a t , cr}. The tensor 
index is absorbed via the consistency equation (14.10811 while a t is ignored 
since its cosmological impact is too small to be detected in current obser¬ 
vations. The actual set of parameters is {A 2 , e±, € 2 , 63 , a} or equivalently 
{A 2 , n s , R, 63 , a}. For several fixed values of a (a = 0, 2, 6 ) we have numeri¬ 
cally found that e 3 is poorly constrained and is consistent to be set to zero 
according to the standard assumption 

|e 3 |<6!. (4.111) 

We also ran the numerical code when the SR parameters e, 77 , and £ are 
varied. Since the running a s is constrained to be |a s | < 0.03 in order for the 
Taylor expansion of the power spectrum to be valid [276] . one cannot put 
large values of the prior on £ 2 . Making use of the fact that £ 2 is of the same 
order as 6162 and the two HF parameters are constrained to be e\ < 0.03 
and |e 2 | < 0.1 [276] , we should put the prior around £ 2 < 0.003. In this case 
our likelihood analysis shows that £ 2 vanishes consistently, Eq. (HSU). We 
found that the likelihood values of inflationary and cosmological parameters 
are very similar to the case in which the HF parameters are used. 

In what follows we shall show the numerical results obtained by using HF 
parameters, since this is more convenient because of the degeneracy between 
the ordinary field (j) and the tachyon field T. 

We ran the numerical code for the 4D case by varying A 2 , n s , R , and 
a with e 3 = 0. We chose the parameter range 0 < cr < 6 and found that 
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Figure 4.9: Marginalized probability distributions of inflationary parameters 
(n s , R, A*, cr) for the fD case with prior 0 < cr < 6 and £3 = 0. The 
likelihood analysis does not choose a preferred value of the noncommutative 
parameter a f9W . 


a does not show a good convergence. This means that current observations 
do not choose a preferred commutative or noncommutative model. Then the 
analysis was performed for three fixed values of cr, including the commutative 
limit (cr = 0) and two classes of noncommutative IR limits (cr = 6, 2). 

In the 4D case the consistency relation (14.10811 reads n t = —(2 — cr)i?/16, 
which means that the ratio n t /R ranges —1/8 < n t /R < 1/4. As found in 
Fig. 14.91 a does not select a preferred value, since the R = 0 case is not ruled 
out anyway. Therefore noncommutative inflation is allowed observationally 
as well as the case of commutative spacetime. 

Since the UV commutative case has already been investigated in litera¬ 
ture, we will concentrate ourselves to the IR noncommutative region. This 
choice is also dictated by a technical reason. In the commutative limit a 
depends upon both the Hubble parameter, evaluated at the horizon crossing, 
and the string mass M s . As we have seen, even if the tensor spectral index is 
fixed by Eq. (14.10811 . the introduction of the extra degree of freedom cr results 
in a poor constraint on the parameter itself. On the contrary, in the far IR 
region the function a approaches nonzero constant values as shown in Table 
im This allows us to impose the consistency equation (14.10811 and concretely 
reduce the space of parameters, setting a meaningful scheme of analysis for 
the noncommutative models. Moreover, the amplitude of gravitational waves 
is strongly damped for angular scales with l > 10 and the relations (144 Poll 
and (14.10811 only affect the large scales with l < 10, corresponding to the IR 
region. In this sense, using a constant a is a good approximation. 

In Fig. 14.101 we plot the la and 2 a observational contour bounds for the 
4D case with a = 0 (GR0), a = 6 (GR1) and a = 2 (GR2). Figures 144 II 
and 144 21 correspond to the likelihood contours for the RS and GB cases, 
respectively. 11 These results hold for both the scalar field </> and the tachyon 
field T because of the use of the HF parameters. 

In the 4D case, the class 2 (cr = 2) is rather special since R and n t vanish. 
The class 2 contour extends to higher values of R relative to the commutative 
plot, while the class 1 contour allows larger values of \n s —1 | but with a smaller 
f?max‘ Thus the noncommutativity of a model is not monotonically measured 
by a (with greater a corresponding to larger effects) and nonlocal features 
make their appearance in a nontrivial way. 

11 The likelihood contour for the Gauss-Bonnet case is slightly different from what was 
obtained in EH- This is because in that paper the authors considered the exact GB 
scenario and assumed that the running of the spectral indices is zero, since the expressions 
of the exact RS and GB regimes are very complicated. This resulted in a lower upper 
bound for R. 
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Figure 4.10: The lcr and 2a observational contour bounds for the fD case. 
Each contour curve corresponds to (a) GRO (a = 0), solid line; (b) GR1 
(a = 6), dashed line; (c) GR2 (a = 2), dotted line. We also show the 
border of large-field and hybrid inflationary models for (a) GRO, (b) GR1 
and (c) GR2 cases. The region on the left of each border corresponds to the 
parameter space in large-field models. Noncommutative spacetime allows the 
border extending to the region n s > i®. 

Figure 4.11: The la and 2a observational contour bounds for the RS case. 
The meaning of the curves and the borders are the same as in Fig. i rmm. 

We can do similar considerations for the RS case (where the maximal 
elongation is achieved for a = 6) and for the GB one (where the class 1 
behaves in a totally different manner); see Figs. 14.111 and 14.121 Note that 
the degeneracy between 4D and RS is removed for a > 0, both from a 
theoretical and observational point of view. 


4.8 Likelihood analysis: constraints on 
large-field models 

We are ready to place constraints on large-field noncommutative inflationary 
models using the observational contour bounds obtained in Sec. 14.7.21 We 
plot the theoretical values of n s and R for N = 45, 50, 55, 60 on the likelihood 
contours. Typically one can restrict the number of e-folds to IV < 65 ( 332| . 
but it is sufficient to show the values up to N = 60 to judge whether the 
models we consider are ruled out or not. 

4.8.1 The ordinary scalar field f 

Let us first study the observational constraints on the large-field models 
for the ordinary field <f. In Figs. 14.13H4.ini the theoretical values (14.8311 
and for the potential (14.761) are plotted in the 4D, RS, and GB cases 

together with lcr and 2cr contour bounds. Hereafter we shall consider each 
case separately in order to clarify the situation. 

4D case 

It is well known that the commutative 4D case (a = 0) is observationally 
disfavoured for the quartic potential (p = 4). In this case the theoretical 


Figure 4.12: The lcr and 2a observational contour bounds for the GB case. 
The meaning of the curves and the borders are the same in Fig. 
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4. Noncommutative inflation 


Figure 4.13: Observational constraints on large-field models for the J^D ordi¬ 
nary field (f) together with the lcr and 2cr contour bounds for three classes of 
(non)commutative scenarios. The theoretical values correspond to (a) p = 2 
(dots) and (b) p = 4 (triangles), respectively, with the number of e-folds 
N = 45, 50, 55, 60 (from top to bottom in each panel and for each p) fJMj- 


Figure 4.14: Observational constraints on large-field models for the RS ordi¬ 
nary field <f>. Each case corresponds to (a) p = 2 (dots), (b) p — 4 (triangles) 
and (c) exponential potential with p —> oo (squares), respectively, with the 
number of e-folds N = 45, 50, 55, 60 (from top to bottom in each panel and 
for each p) f^/ . 


points are outside of the 2cr contour bound for a number of e-folds N < 60. 

In the noncommutative class 1 case ( a = 6) the spectral index n s is larger 
than 1 by Eq. (EE3). The tensor-to-scalar ratio R is independent of a, so 
this value is the same as the one in the class 0. As one can see in Fig. eh 
the quartic potential is outside of the 2 a bound for N < 55. Therefore this 
case is also marginal as in the class 0 case. 

The noncommutative class 2 case (cr = 2) corresponds to a scalar spectral 
index smaller than 1, but it is closer to a scale-invariant spectrum relative 
to the class 0 case. This shifts the theoretical points inside of the 2a bound 
and allows the quartic potential even for N — 45. Then a “mild” spacetime 
noncommutativity in which a is close to 2 is favoured for the observational 
compatibility of the quartic potential. Note that the quadratic potential 
(p = 2) is allowed in all three models, irrespective of the degree of noncom¬ 
mutativity, as clearly shown in Fig. 14.1 31 


RS case 

In commutative RS spacetime, the quartic potential is under a strong obser¬ 
vational pressure as is similar to the 4D0 case, and the steep inflation driven 
by an exponential potential (p —► oo) is ruled out [278, :270 . 

This situation is improved in the class 1 noncommutative scenario. Since 
the spectral index n s takes a value which is slightly larger than 1 and the 2cr 
contour bounds extend to the region with R > 0.6, even the steep inflation 
is allowed (see Fig. EH - 

Meanwhile in the class 2 case the exponential potential is outside of the 
2 cr bound unless the number of e-folds N is larger than 60. The quartic 
potential moves inside of the 2cr bound relative to the class 0 case, thus 
becoming compatible with observations. 

In the RS case “strong” noncommutativity close to a = 6 is favoured 
observationally rather than “mild” noncommutativity like a = 2, in contrast 
with the 4D case. 
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Figure 4.15: Observational constraints on large-field models for the GB or¬ 
dinary field <p. Each case corresponds to (a) p = 2 (dots) and (b) p = 4 
(triangles), respectively, with the number of e-folds N = 45,50,55,60 (from 
top to bottom in each panel and for each p). In the GB1 case the quadratic 
potential is far outside of the 2 a bound m■ 


GB case 

In the Gauss-Bonnet braneworld cosmology the GB dominant stage with 
q = 2/3 is followed by the RS stage with q — 2. In Ref. [[S3 theoretical 
values of n s and R were derived for the case where inflation ends in the RS 
regime. Here we study a situation in which the end of inflation corresponds 
to the GB regime. In this case we do not have a sufficient amount of e-folds 
for p > 6, so it is not meaningful to consider steep inflation. 

In commutative spacetime the quartic potential is ruled out observation- 
ally, while the quadratic potential is inside of the la bound, see Fig. 14.151 

In the class 1 case the spectral index for the quartic model is larger than 
1.1 for a number of e-folds N < 65, thus far outside of the 2cr bound. In this 
sense the effect of “strong” noncommutativity close to a = 6 is not welcome 
to save the quartic potential. On the other hand, the quadratic potential is 
not ruled out due to a little departure from scale invariance. 

The class 2 noncommutative scenario exhibits an interesting feature to 
have n s close to 1 even for the quartic potential. As seen in Fig. 14.1 51 the 
quartic potential is within the 2cr bound for N > 50, thereby compatible 
with observations. This situation is similar to the 4D case. 


4.8.2 The tachyon field T 

Let us next consider the observational constraint on the tachyonic large-field 
models. 


4D case 

The 4D commutative case was already investigated in dBSl QHEI- Since the 
tensor-to-scalar ratio is smaller relative to the normal scalar field case, this 
leads to the compatibility with observations. Even steep inflation is deep 
within the 2 a contour bound. 

Because of this small value of R , the class 1 and class 2 noncommutative 
scenarios are also allowed as shown in Fig. 14.1 61 The class 1 scenario corre¬ 
sponds to a spectral index n s larger than 1, but this does not deviate from a 
scale-invariant spectrum. All cases with p = 2, p = 4 and p = oo are inside 
of the 2cr contour bound. 
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4. Noncommutative inflation 


Figure 4.16: Observational constraints on large-field, models for the fD 
tachyon field T together with the la and 2 a contour bounds for three classes 
of (non)commutative scenarios. Each case corresponds to (a) p = 2 (dots), 
(b) P — 4 (triangles) and (c) exponential potential with p —> oo (squares), 
respectively, with the number of e-folds N = 45, 50, 55, 60 (from top to bottom 
in each panel and for each p) 

Figure 4.17: Observational constraints on large-field models for the RS 
tachyon field T. Each case corresponds to (a) p = 2 (dots), (b) p = 4 
(triangles) and (c) exponential potential with p —> oo (squares), respectively, 
with the number of e-folds N = 45, 50, 55, 60 (from top to bottom in each 
panel and for each p) 

RS case 

The RS case exhibits larger values of the tensor-to-scalar ratio compared to 
the 4D case. However, the quadratic and quartic potentials are always within 
the 2c bound. The exponential potential is also allowed for the e-folds with 
N > 50. See Fig. I~HT1 

GB case 

By Eq. (14.1021) each inflationary model (p = 2,4, oo) in the GB case (q = 
2/3) lies on a wider range of radii g relative to the 4D and RS cases. In 
spite of this property, even steep inflation is compatible with observations in 
both commutative and noncommutative spacetimes. In summary, tachyon 
inflation is allowed irrespective of the slope of the potential due to a small 
tensor-to-scalar ratio in all patch cosmologies we have considered. See Fig. 

EM 

4.8.3 Suppression of CMB low multipoles 

In [ 286 : , 12871 288 ] it was shown that it is possible to explain the loss of 
power at low multipoles at least partially using the modified spectrum in the 
UV regime (r kl 2 s ). Here we will consider the situation in which the spec¬ 
trum on cosmologically relevant scales is generated in the IR noncommutative 
regime. 


Figure 4.18: Observational constraints on large-field models for the GB 
tachyon field T. Each case corresponds to (a) p = 2 (dots), (b) p = 4 
(triangles) and (c) exponential potential with p —> oo (squares), respectively, 
with the number of e-folds N = 45, 50, 55, 60 (from top to bottom in each 
panel and for each p) \9f> j/ . 
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Figure 4.19: The CMB angular power spectrum showing the effects of 
suppression of power at low multipoles. Curve (a) is the fD commuta¬ 
tive model with (n s ,R ) = (0.967,0.132) corresponding to the quadratic po¬ 
tential. Curves (b) and (c) are the fDl noncommutative scenario with 
(n s , R) = (1.018,0.144) and (n s , R) = (1.049,0.263), respectively. Note that 
these values are achieved for the quadratic and quartic potentials in the fDl 
case, respectively M 

As seen in the likelihood contours, the best-fit value of n s is smaller 
than 1 and is insensitive to which prescription we adopt for the spacetime 
(non)commutative structure. The loss of power on large scales is difficult 
to be explained in the standard concordance scenario. If we take the effect 
of spacetime noncommutativity into account, it is possible to have a sup¬ 
pression of power due to a blue-tilted spectrum. For example, the potential 
(14.7611 gives rise to the blue spectrum for the 4D1 noncommutative case. Of 
course, the large spectral index n s > 1.05 is ruled out as seen in Fig. I I. 131 
but the quadratic potential (p = 2) gives the observationally allowed value 
around n s ~ 1.02. The quartic potential (p = 4) corresponds to a marginal 
compatibility with observations, but it is welcome to explain the loss of power 
on the largest scales. 

In Fig. 14.191 we plot the CMB angular power spectra for several differ¬ 
ent cases. The spectrum exhibits some suppression around 1 < l < 10 in 
noncommutative spacetime relative to the commutative one. The quartic 
potential leads to a stronger suppression compared to the quadratic one, but 
the smaller-scale spectrum tends to show some disagreement with observa¬ 
tions for larger n s . Anyway, it is intriguing that single-held noncommutative 
inflation leads to a blue-tilted spectrum suitable for explaining the suppres¬ 
sion of low multipoles, since this is difficult to be achieved in commutative 
spacetime, even with a very blue-tilted spectrum n s > 3 [ 333) . unless we in¬ 
troduce another scalar held as in the case of hybrid inflation (see also [334 )). 
Another mechanism generating a blue spectrum at large scales can be found 
in [3-35) . 
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Dualities in patch cosmology and 

other issues 


Tirem-me daqui a metafisica! 

•— 1 Fernando Pessoa, Lisbon revisited (1923) 

Spare me metaphysics! 


The ultimate theory of everything, if any, is a long-living mirage that 
physicists and mathematicians have been pursuing for years in the attempt 
to solve many fundamental problems rooted in our modern view of the Uni¬ 
verse. One of the open issues is how to reconcile general relativity and 
quantum physics, two separate branches that experiments and observations 
have widely accepted as meaningful descriptions of natural phenomena, at 
least each in its own range of influence. The marriage between the two 
would require deep modifications of both and, although great progress has 
been made in this direction thanks to string theory, a happy ending to the 
story is still missing. In particular, the mostly successful big bang model 
of cosmological evolution, which manages to glue gravitation and micro¬ 
physics together in a very nontrivial way, sits on the paradox of the ini¬ 
tial singularity: the original point from which all came decrees the fail¬ 
ure of general relativity as a self-contained framework, since the relevant 
cosmological quantities diverge by definition when going back to the first 
instant of the past. At present we know that quantum effects can re¬ 
solve such a point into a finite speck and smooth out the worried infinities 

pTTTfTl rTiTTl niTTTl HTTm mn HTTiTl PTm HTTm rTTTTl rTTTl rTTO 

From a philosophical perspective, the big bang has raised many questions 
about the nature of time and its birth, leading to the (indeed not new 1 ) 
hypothesis that the Universe may experience a cyclic succession of expansions 
and contractions in which the big bang singularity is just a transitory phase 

1 For instance, as regards the Theravada Buddhist tradition see Buddhaghosa, Visud- 
dhimagga, 13.404-409. 


91 



92 


5. Dualities in patch cosmology and other issues 


(a bounce) in a wider process of evolution; see [33251 SOL 13521 3531 13541 
13551 1356| for old attempts to implement this idea. At a semiclassical level, 
the structure of the perturbations generated through the bounce can be more 
complicated than the standard one in a monotonically expanding universe; for 
example, vector modes cannot be neglected during the contracting phase in 
contrast to their decaying behaviour in the post big bang phase BSZ1- General 
phenomenology of cyclic models and bouncing cosmological perturbations 
have been studied, e.g., in [3581I353113631I33T1 13621 13331 13331 1333] : the case of 
a bouncing closed universe has been investigated in [ 3661 367 . 368 , 1369113701 

EHj- 

Moreover, bouncing flat cosmologies may require a violation of the null 
energy condition, according to which light rays are focused by matter: 

p + p> 0, (5.1) 

where p and p are the energy density and pressure of a perfect fluid describing 
the matter content of the early Universe [ 358 , [360 ; 13631 3721 373 , 371 ). Until 
now, we have adopted the standard lore of well-established energy conditions. 
What about abandoning the old path in favour of more speculative scenarios? 
In particular, can some of the most popular objections against embarrassing 
forms of matter be circumvented? Recently, many people have been consid¬ 
ering scenarios in which the dark energy content of the observable Universe 
is of a nonconventional nature, namely, violating the null energy condition 
ED. The field associated to an equation of state p = wp with w < — 1 is 
called “phantom” |3TH and its properties can give rise to a new sort of sin¬ 
gularity as well as to an explanation of current observations of dark energy 

[3731 [3771 [3731137T313331 [33T1 [33311333113331 [3331 [33311337113331 [3331 [333113M 

Ena Ena urn mna m Ena ehei Ena ma mu ma mm Eon ma mama 
mmmmmmmmmmmmmmmm 

14241142511426114271142811429114301143111432| . For such a scalar field, the viola¬ 
tion of the null energy condition is achieved by a kinetic term with negative 
sign and this may lead to unitarity problems when quantizing the field (also: 
particles with negative energy propagate forward in time). However, negative 
kinetic energies arise in supersymmetric models and higher-derivative-gravity 
theories [1331 H3i| . while string models can describe brane physics in which 
the effective 4D null energy condition is not preserved @251; also, anti de 
Sitter configurations do violate the dominant energy condition. 

An interesting singularity-free setup, alternative to inflation and moti¬ 
vated by string theory, is the ekpyrotic scenario, which explains the large- 
scale small anisotropies of the cosmic microwave background via a collision 
between wrinkling branes 

[3371 [3331 [3331 [3331 . A general-relativistic treatment of ekpyrotic/cyclic sce¬ 
narios predicts a scale-invariant scalar spectrum (with scalar index n s — 1 ~ 0) 
and a blue-tilted tensor spectrum ~ 2, while standard inflation generates 
almost scale-invariant spectra. In the latter case, this is a consequence of 
the SR approximation, stating that both the parameter (12.1411 and its time 
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derivative must be sufficiently small. 2 Conversely, the cyclic model achieves 
scale invariance when e = e cyc i; c S> 1. 

The search of viable bouncing mechanisms has led to explore several pos¬ 
sibilities that involve, for instance, varying couplings 05S , noncommutative 
geometry 05a, quantum gravity and cosmology [4531 14541 45fi . 456 (see 
also 053). In particular, a Randall-Sundrum modification of the Friedmann 
equations has been considered [458 ]. in which a phantom component may 
help to tear apart black holes during the bounce [ 459 . 460 ]. Also, the big 
bang singularity can be avoided by the combined effect of Gauss-Bonnet and 
induced gravity terms |461] , 

Recently, two remarkable dualities were discovered in flat cosmology, one 
relating inflationary to ekpyrotic/cyclic spectra nm mm mu ma nnn mu 
and the other connecting inflationary to phantom spectra [46.51 14K71I4KE1 [469. 
mmi More precisely, given an inflationary model there exist both cyclic 
and phantom cosmologies with the same spectra and such that 

e = 1/e, (5.2a) 

e — —e, (5.2b) 

e = —1/e, (5.2c) 

where e = e p hantom- Other dualities can be found in [4721 475 ]. In four 

dimensions, these dualities (inflation-contraction, inflation-phantom, and 
contraction-phantom) are exact for arbitrary (even varying) e, in the sense 
that not only the dynamics but also the cosmological spectrum of scalar 
perturbations is preserved. The issue has then been generalized to the 
braneworld context PH 1474] . Since braneworld spectra are broken under 
duality, and mapped into a quantitatively different contractinglike or phan¬ 
tomlike spectra, these transformations are not symmetries in the strict mean¬ 
ing of the word. 

In this chapter we shall investigate the above-mentioned triality for a 
general commutative patch and show that Eq. (E3) no longer realizes exact 
correspondences between cyclic, inflationary, and phantom patches. Accord¬ 
ing to the new relations we will establish, any expanding universe is mapped 
to either a contracting or phantom universe which no longer display exactly 
the same scalar perturbations. In addition, it will turn out that the gen¬ 
eralized version of the 4D contracting (phantom) mapping gives rise to a 
phantom (contracting) dual solution when flipping the sign of q. 

By considering the general invariance of the patch Hamilton-Jacobi equa¬ 
tions we will be able to construct dual solutions with regular behaviour, that 
is not suffering sudden future singularities, between different patches, which 
we will call cross dualities (Sec. 15.21) . Then, we shall clarify the relation 
between patch cosmologies dominated by an ordinary scalar field and the 
tachyonic ones (Sec. 15.31) . 

2 In the following we will refer to e as the “SR parameter” even when the slow-roll 
approximation e <C 1 is not applied. 
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5. Dualities in patch cosmology and other issues 


Another interesting insight comes from the comparison of (q > 0, w < 
— 1) and (q < 0, w > —1) patches. To see this, take the case of a normal 
scalar field, Eq. ( 12 . 211 ) : an ESR expansion of the energy density yields p q oc 
q<f>l s /2 + where the effective theory includes the dimensional contribution 
of (3 q . If q < 0, the kinetic term has the same wrong sign of phantom models. 
From a mathematical point of view, the phantom universe displays interesting 
properties such as the presence of a finite-time singularity when w is constant 
[big smash or big rip [SB, 137811 1 385] . see Eq. (12.1 71) with w < —1] and, 
as said before, a correspondence resembling the scale-factor duality of pre¬ 
big-bang cosmology which is a symmetry of the low-energy string effective 
action and is obtained with the mapping a{t ) —> a - 1 (— t) |47511476| (for some 
reviews on string and pre-big-bang cosmology, see ma szhi 079j). Even 
expanding patch cosmologies with negative q have a finite-time singularity 
with divergent scale factor, although the density evolution shows the opposite 
trend. This fact, together with the noncanonical effective theory which seems 
to characterize such models, invites to investigate if there is some relation 
between q < 0 patch cosmologies and scenarios with phantom fluids, which 
we will do in Secs. EZU and El At last, inspired by a modified version of 
the phantom duality we shall outline some proposals for ( i ) a new bouncing 
scenario, (ii) the generation of features in the power spectrum breaking scale 
invariance, and (in) an alternative to standard inflation. 


5.1 Preliminary remarks 


5.1.1 Broken dualities 

We can see that the dualities (lo.2a.l) and (15.2bl) are broken in their sim¬ 
plest form when considering nontrivial patches. A first evidence comes from 
the equations of motion for scalar perturbations, which in four dimensions 
are invariant under the mapping e —> e -1 for dominant and subdominant 
modes, separately ma \m mi- The effective 4D equations of motion 
of the (Fourier-transformed) scalar-perturbation modes in the longitudinal 
gauge are the Mukhanov equation (EH) and 


d 2 2 1 d 2 d\ 

drf d dp 2 J 


Vk = 0 , 


(5.3) 


where v = —$ 4 /0 is a gauge-invariant variable [$4 is the Newtonian potential 
that appears in Eq. (EPol) ] and '0 = z 1 . We can express d in terms of the 
slow-roll parameter (El and its variation 7 = dlne/dAf with respect to 

M = In , (5.4) 


where the subscript / denotes evaluation at the end of the inflationary or 
ekpyrotic phase; the standard forward definition of the number of e-foldings, 
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N = In(a/cq), is related to this quantity by dAf = (e — 1 )dN. Neglecting 
0(y 2 ) and 0(dy/dAf) terms, one finds 


1 d 2 d / 9\ / 9 \ e e 2 - 1 

K V + 2 J V + 2 7 (e- 1) 2 + 2 (e — l) 2 ' 1 '' 


(5.5) 


In general relativity, a first step towards the duality e e 1 is to note that 
the equation of motion for v is invariant under the mapping (lo. 2 al) . However, 
when 0^0 this duality is explicitly broken by the term inside the second 
round brackets, which by the way contributes to the only piece surviving for 
a constant e (7 = 0 ). In the case of a standard tachyonic field, Eq. (lo.ojl has 
an extra term proportional to q(3 + 9e)(e — l)e/(3 q — 2e), which breaks the 
invariance even in four dimensions. 


5.1.2 Contracting and phantom patches 


We can make the previous argument more rigorous by means of the Hamilton- 
Jacobi formulation of the cosmological dynamics. First we extend the setup 
of Chapter [3 to the case of phantom fields. For an homogeneous scalar field 
0 with potential V, 


while for a DBI tachyon 


p ( 0 ) = -02 + ^ 

(5.6) 

VI - £T 2 

(5.7) 


Here £ = 1 for ordinary causal fields and £ = — 1 for phantoms. To avoid 
confusion, we will call “standard (phantom) ordinary scalar” the 0 field with 
l — 1 {£ — —1), “standard (phantom) tachyon” the T field with £ = 1 
(£ = — 1 ) and “scalar” (or, sometimes, “inflaton”) the field satisfying the 
continuity equation (ESP , regardless of its action. 

So far we considered expanding cosmologies, H > 0. It is now time 
to extend the equations and discussion to the general case He M. The 
Hamilton-Jacobi equations (12.761) and (12.771) become 


H(0) 
V 2 {T ) 
H'Wa'W 



(1 - / v --" 1 


(5.8) 

(5.9) 
(5.10) 


where we have set j3 q — 1; the absolute value of H is necessary and sufficient 
to preserve the invariance under time reversal of the original equations of 
motion. The Hamilton-Jacobi equation cnn can be recast as 


y'Wa'W = -y(t 5)a(V>), 


( 5 . 11 ) 
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5. Dualities in patch cosmology and other issues 


Figure 5.1: The function y(H ) in the GB (upper curve) and RS (lower 
curve) expanding braneworlds. The image of H is y > 1 in the first case and 
0 < y < 1 in the second one. 


where the variable y(if ) is 



3/(0) = -ff 2,/3 W, 

9 = 0, 

(5.12) 

j/(V>) = exp a|ff(t/0r" , 

9 y^O, 

(5,13) 


and the coefficient a = —2^/(3 qd) is a = —1/3 and a = 1 for a RS and GB 
braneworld without phantoms, respectively. Then, sgn (dy) = sgn (dH) when 
q > 0. Figure IP1 shows the function y(H) for the RS and GB case. 


It is convenient to define the new parameter 


q\H\> 2 Vo ') 


(5.14) 


then one can express the spectral amplitudes as A 2 ((f) oc W/e, Al(T) OC 
H 9 je, and get the spectral indices from the evolution equation e = 2He(e—rf), 
which reproduces the 4D one when e — e. From now on we will set 9 = 6 for 
lighter notation. 

Equation (ED) defines the time variation of the Hubble radius R H = 
H~ l : this parameter can also be expressed either via derivatives of the infla- 
ton field or through the continuity and Friedmann equations: 


e 


_a_dR 

~~ad~R 

(In y) n 

9 In y 

-q(l + w) 


q In H 2 
q 2 H 


(5.15) 

(5.16) 

(5.17) 


In the last formula, we have considered the general case of time-dependent 
q(t). When q = const (which we shall assume throughout the chapter except 
when stated otherwise), then e > 0 when sgn(g) = sgn(w + l), while phantom 
matter with q > 0 (or ordinary matter with q < 0 ) reverses the sign of e. 


5.2 Patch dualities 

The Hamilton-Jacobi equations encode all the dynamical information for the 
cosmological evolution. If two different models (if ,9) and (if',9') display the 
same set of equations, then we will say there is a duality between them. 
Let us now consider what transformations are symmetries of Eq. (lo~TTI) . In 
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general, a symmetry transformation can be written as 

a(V0 = /i(V0, (5.18a) 

VW = MV’), (5.18b) 

provided that [ln/ 1 ('0)] / [ln/ 2 ('0)] / = —1. In Eq. (15.1 8bl) all the elements of y, 
including 6 1 are evaluated in the dual patch. Since in principle it is not possi¬ 
ble to set (3 = 1 = (3 consistently, one should restore the dimensional factors 
in the previous and following expressions, noting that \(3\ = E’( 6 l+ 2 )/i e ' _2 \ 


5.2.1 Singular dualities 

A simple realization of Eq. (EZEBD is 

a(r/0 = [y(^)] pW , (5.19a) 

y(V) = [afy)] 1 ^^. (5.19b) 


In order to 
be either a 


satisfy the above integrability condition, the function p(t/) must 
constant or 


P(V’) = Po 


In a(V) 
In y{$) ’ 


(5.20) 


where po is an arbitrary real constant. For constant p = Po, 


a(V0 = [2/(V0F°, (5.21a) 

Z7(V0 = KV)] 1/po , (5.21b) 


also considered in gH ]. 3 * The set of equations describing the dual solution 
can be obtained from Eqs. (I5.21al) . (15.131) and (I5T11) : 


a(V’) 

mn 



(5.22) 

(5.23) 

(5.24) 


The right-hand side of Eq. EH) is positive when sgn(0) = sgn(l — a) 
and q > 0. Then a < 1 for RS and tachyon scenarios and a > 1 for the 
GB braneworld. Equation API reproduces Eq. (I5.2a,l) in the ordinary 
scalar case with 6 = 0 and p 0 = 3/2, although the 4D auxiliary variable y , 
Eq. (15.12D . is constructed in a different way. In the case of cyclic duality 
(£ = £ = 1), the mapping (15 .2 ID relates a standard accelerating (e < 1 ) 
expanding universe with a standard decelerating (e > 1) contracting phase 
with the typical properties of cyclic cosmology. 

3 Their results are in agreement with ours when the duality transformations act on 

scaling solutions of a single patch with L = H 8 / 2 . 
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5. Dualities in patch cosmology and other issues 


The transformation ( EQ connects the scale factor of the expanding cos¬ 
mology to that of a dual cosmology when expressed in terms of the scalar 
field. In the dual model, the scalar field acquires a different time dependence 
relative to its expanding counterpart. The time variable can be written as 
an integral over 0, 


t = 


^ d00 

J Ha'* 


(5.25) 


the time variable t of the dual solution is then 


_ 2£p 0 r <lv H' 

t ~ ~T~ J a 3£ /(2po) 77 ’ 


(5.26) 


in the 4D—>4D case, 


f = 


2lpo 

3 



(In a) 1 /® (In H )', 


(5.27) 


for the pure braneworld dual of the 4D scenario, while for a general cross 
duality with 9 0 0 0 6, using Eqs. (15.131) and (15.111) . 


Po (In a) 1/e 

(apo)W V (In a)' 


(5.28) 


Everywhere we have omitted sgn (H) which is implicit in the time-reversal 
symmetry of the dual solution. The dual evolution of the scalar field will 
be denoted as 0(f) = 0(f). For q — q — 1 and po = 3/2, these relations 
reproduce the already known four-dimensional standard triality. 

The exact inversion of the SR parameter ee = 1 is achieved in any dimen¬ 
sion by the stationary cosmology a(f) = f. Otherwise, the fixed points of the 
transformation EQ are those with 


^self-dual — 


2p 0 


(5.29) 


In general, we define a self-dual solution as the set of roots of Eq. ( 15 . 291 ) . In 
four dimensions with p 0 = 3 / 2 , Eq. ( 15 . 291 ) reduces to the self-dual condition 
e = 1. From the dual of the SR parameter as given by Eq. iiom it is clear 
that dual cosmologies superaccelerate either in the phantom case with q > 0 
or in the ordinary one for q < 0 . 

Let us discuss what is the structure of the cyclic duality in a patch frame¬ 
work with positive q and po . For clarity, we compare the cases 6 = 0, ±1. 
By definition, standard inflation is characterized by a monotonically varying 
scalar field which can be assumed to be increasing with time, 0 = Ha/a! > 0. 
A parity transformation 0 —> —0 always achieves this condition. Therefore 
a' > 0 (since H > 0) and H' < 0. On the contrary, the dual scale factor is a 
decreasing function of 0 since a!/a oc —a/o! < 0 . 
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In the four-dimensional ordinary scalar case, the expanding (H > 0) dual 
solution has (j) = aH/H' < 0, a' < 0, and H 1 > 0; also, from Eq. mB 
e > 0. Under the time reversal 


t e [o, +oo[ 


t e ] —oo, o], 


i>(t) 

a(t ) 
e(t) 


-»■ -H-t) , 

- -H(-t), 


the dual cosmology becomes contracting while keeping the condition (j) > 0 
and e > 0 (i.e., it does not superaccelerate). In a general expanding patch, 
the dual time evolution of the scalar field is $ oc (In a) _1//<? , which shows that 
in the RS, GB, and tachyon scenarios the evolution of the dual cosmology is 
not regular because of the factor In a. 

To be consistent with the image of y and Eqs. ED) and flOj , we 
require a < 1 in the RS scenario and a > 1 in the GB one. In this 
case the above considerations hold with the same signs as in 4D and we 
get contracting solutions after a time reversal. Let £* be the time when 
a(t*) = 1; then oo > H > H * = H(t*) and the dual RS scale factor a ranges 
from a* = exp [—1/(27/*)] to 1. In the GB case, oo > H* > H > 0 and 
oo > a > exp(3/f*/2). As a matter of fact, in the example below the range 
of the GB power-law dual solution is modified according to the sign of the 
scalar field (negative for an expanding cosmology) but the underlying mes¬ 
sage in unchanged: Because of the different range of the variables involved 
in the mapping don, the dual cosmology is only a portion of a contracting 
cosmology evolving from the infinite past to the origin. For this reason one 
might consider Ecp EED as an “incomplete” mapping; rather, the restriction 
on the range of a makes these solutions “complete” although very peculiar, 
since the dual Hubble parameter indeed goes from infinity to zero but in a 
finite time interval. 

Note that these features are not an effect of the patch approximation we 
have used for simplifying the cosmological evolution. For 9 — 1 , Eq. (I5T31) 
is a good approximation of the exact Randall-Sundrum case, where 467 1 


vis = 


p 

p + 2A 


(5.30) 


In order to make it manifest, we restore the dimensional factors and tem¬ 
porarily redefine the variable y temp = y Po with p 0 = 3/2; then, in the patch 
approximation 5 e A/p < 1, 


1/temp = exp 




1-5, 


(5.31) 


which reproduces Eq. (E m in the high-energy RS limit. Note that even 
in the exact RS scenario e is not exactly inverted under the transformation 
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(15.211) . since e oc [(l + y^ s )/(l — 2 /rs)](2/rsA/Rs) 2 - The dual Hubble parameter 
through a = y R s i s 


5(0) 


\/2Aa(0) 

1 — a 2 (0) ’ 


(5.32) 


which is positive as far as a < 1. It agrees with Eq. (15.231) in the above limit 
a = ytemp ~ 1 - 8, as 77 « (2<5) _1 . Also, 


0 


V8\a' 


(5.33) 


Equations (ESDI), ra and ra fully confirm what we have said about 
the structure of the dual solution, since the image of y R s is the same as that 
of y for q = 2. 


Self-dual solutions and power-law expansion: ordinary scalar case 

The self-dual solutions of the three scenarios with an ordinary scalar field are 


a(f) 

= exp [—p 0 exp (—f/p 0 )] , 

d = -l, 

(5.34) 

a(f) 

= exp( v / 2y 0 f/3), 

d=l, 

(5.35) 

a(f) 

_ ^2p 0 /3 

d = 0. 

(5.36) 


As an example of the duality, let us consider the power-law inflation, 

a{t) = t n , e — 1/n. (5.37) 

The ordinary scalar field associated with this expansion is such that 0 2 oc 
t e ~ 2 . In four dimensions, the exact cosmological solution corresponding to 
this scale factor is 


0(f) = 0o Inf, R(0) = V 0 e- 2 ^°, (5.38) 


where 0o = \j2nj3. The scale factor and Hubble parameter read 

a(0) = e n ^°, 77(0) = ne~^°, (5.39) 

respectively. From Eq. (15.261) with po = 3/2, the (time reversed) cyclic-dual 
solution is 


a(f) = (—f) 1 /”, e = n , 


0(f) 


2 

30o 


ln(—f), 


(5.40) 


after a redefinition nt —> f. The dual of the potential can be obtained by 
taking the dual of Eq. (EH). 

In the Randall-Sundrum scenario, the power-law expansion is realized by 


0(f) = 0 o f 1/2 , V(0) = R o 0- 2 , (5.41) 
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Figure 5.2: The normalized RS scalar field as a function of tune. The 
solid horizontal line divides the solutions of the duality with p 0 = 3/2 

(region <f> < 1) and po = —3/2 (region 0 > 1). 

Figure 5.3: The Randall-Sundrum solutions dual to RS power-law inflation 
for n = 5,10,30 (increasing thickness). From top to bottom, each panel 
corresponds to the 0 behaviour of the dual scale factor, the Hubble parameter 
and SR parameter under the duality /TQ71) with po = 3/2 (region 0 < 1) and 
Po = —3/2 (region > 1). 


where 0o — \/4/3. Then, after a redefinition fi/fio -> </>, 

a(0) = 0 2n , H{<t>) = r i0“ 2 , (5.42) 

and Eq. (15.2811 gives t — 1 + 0 2 (ln0 2 — 1); the dual RS cosmology under the 
mapping EQ) has 


a = exp[p 0 (l — 0 2 )/(3n)], (5.43a) 

\H\ = — Po[3^hi0 2 ] -1 , (5.43b) 

e = »3n(p o 0 2 hi0 2 ) -1 , (5.43c) 

where we have chosen the normalization of the scale factor such that a(l) = 1. 
A changing in the sign of po results in different dual solutions. Figure 15.21 
shows the time behaviour of 0 in the two separate regions 0 < 0 < 1 and 
0 > 1 ; the quantities of Eq. ( 15.4311 with p 0 = 3/2 are depicted in the left 
side (0 < 1) of Fig. 15.31 while the cyclic duals with p 0 = —3/2 are in the 
right portion (0 > 1). Time flows from 0 = 1, where the vertical line in each 
panel separates the two dual solutions. 

In the allowed region 0 < 1 with p 0 > 0 (no phantoms, e > 0), the dual 
scale factor a(0) increases from a(l) to a( 0 ) in a finite time interval, while the 
dual Hubble parameter goes from infinity to zero in the meanwhile. Solutions 
with 0 > 1 and po < 0 behave much better, since they extend not only up to 
the infinite future, but also are nonsingular at the origin, a very promising 
feature in classical bouncing models. 

One gets the RS contracting solution simply by reversing the time direc¬ 
tion [so that the dual scale factor a(0) decreases from a( 0 ) or a(oo) to a(l)] 
and flipping the sign of H. The dual slow-roll parameter does not change 
under time reversal and keeps being positive. 

By inverting Eq. (EnEI) in the region 0 > 1 , one gets the time dependence 
of the scale factor as a(t) cx exp [t/W(t/e)\, where W(x) is the product log 
function solving the nonlinear equation x = We n . 

In the Gauss-Bonnet case we have 


0 (f) = — 2 nt ^ 2 , 


R(0) = Ro0 6 , 


(5.44) 
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Figure 5.4: The normalized GB scalar field <fi as a function of time. The solid 
horizontal line divides the solutions of the duality El with sgn(po) = ±1 
at the infinite future 0 = 1 . 

Figure 5.5: The Gauss-Bonnet solutions dual to GB power-law inflation 
for n = 5,10,30 (increasing thickness). From top to bottom, each panel 
corresponds to the 0 behaviour o/lna( 0 ), H(<fi), and e( 0 ) under the duality 
WM) with po = 3/2 (region 0 < 1) and po = —3/2 (region 0 > 1). 


together with 

a(0) = 0“ 2n , H(<j>) = n0 2 , (5.45) 

where — 0/2n —> 0. Equation (15.281) gives t in terms of 0: it turns out that 
t = 4t/9 = f d00(ln0 ) -1 = —Ei[ln0 2 ], where Ei is the exponential integral 
function plotted in Fig. 15.41 From Eqs. (15.21 all . (15.231) and (15.241) . the dual 
GB cosmology is 


a = exp[p o n(0 2 — 1)], (5.46a) 

H\ = —(n/p o )ln 0 2 , (5.46b) 

e = — (p o ? 7 . 0 2 ln0 2 ) -1 , (5.46c) 


and again the cyclic solution with ordinary matter evolves with a < oo for 
all t and po > 0. On the contrary, in the branch with p o < 0 the dual scale 
factor a does not collapse to zero at the origin and diverges in the infinite 
future (see Fig. Q- Under time reversal the cyclic solution evolves from 
0 = 1 tO 0 = 0. 

Things do not change when exploring cross dualities. We can try to see 
what happens, say, for the GB dual of a RS cosmology (9 — 1, 9 — —1). 
Starting from Eq. (15-421) . one gets Eq. (15.461) with pq —> — p 0 , modulo an 
irrelevant positive constant. The image of the function 0(f) is either {0 < 1} 
or {0 > 1 }. 

Dual potentials can be obtained via the dual of Eq. (EH) or EH- Figure 
EH shows the potential corresponding to the cosmology Eq. (15.461) . De¬ 
pending on the choice of the parameters n and po , the function 1 /( 0 ) has a 
number of local minima and maxima, can assume negative values, and also 
be unbounded from below. 

The properties of cosmological potentials change very interestingly when 
going from the 4D picture to the braneworld. Take as examples fast-roll 
inflation with a standard scalar field and negative potentials [223 E 2 H Fast- 
roll inflation occurs by definition when the kinetic energy of the scalar field 


Figure 5.6: Gauss-Bonnet potential dual to GB power-laiv inflation under 
the mapping (EHJi. for some values of n and p^. The region with 0 < 1 
(0 > 1) corresponds to duals with po > 0 (po < 0). 
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is small with respect to the potential energy, 0 2 S> U(0). In this case one 
obtains a stiff equation of state (p = p ) and a regime described by 

a ~ t 1 / 3 , 0 2 ~ t~ 2 , 0 ~ In t , (5.47) 

from the Klein-Gordon and Friedmann equations. This implies that at early 
times the kinetic term dominates over any monomial potential energy V = 
(j) m . In particular, under these conditions the behaviour of the singularity 
will depend on the kinetic energy regardless of the choice of the potential. 
In a generic patch with 9 ^ 0, the fast-roll regime is given by 

0 2 ~f e - 2 , 0~t 0 / 2 . (5.48) 

Thus the scalar field evolves quite differently in the RS (9=1) and GB (9 = 
—1) case. Near the origin, t ~ 0, the fast-roll regime is achieved for any 9 ^ 0 
when m = 2 and for 9 > 4/(2 — m) when m > 2. Therefore the behaviour 
of the singularity may depend nontrivially on both the contributions of the 
energy density for suitable (and still simple) potentials on a brane (see also 

[Ell). 

Another result in four dimensions is that potentials with a negative global 
minimum do not lead to an AdS spacetime. According to the Friedmann 
equation 77 2 = p, the energy density cannot assume negative values; there¬ 
fore at the minimum U min < 0 the scalar field does not oscillate and stop but 
increases its kinetic energy until this dominates over the potential contribu¬ 
tion. Then one can describe the instability at the minimum in the fast-roll 
approximation through the only kinetic term; the Hubble parameter vanishes 
and becomes negative [so that (0 2 /2)' > 0], and the Universe undergoes a 
bounce. 

In a braneworld scenario this might not be the case. In fact, in the 
RS brane the Friedmann equation is 77 2 = p[l + p/(2A)]. If the negative 
minimum is larger than the brane tension, |U m i n | A, then, after an eventual 
fast-roll transition, the quadratic correction dominates near the minimum 
and 77 2 ~ p 2 . The scalar field can relax without spoiling the constraints 
from the equations of motion. 

All that we have said can be investigated in greater detail by means 
of phase portraits in the three-dimensional space (0,0,77). Here we shall 
not explore the subject further and limit ourselves to the above qualitative 
comments, whose aim was to stress that complicated dual potentials cannot 
be discarded by general classical or semiclassical considerations. Rather, 
from one side they should be studied case by case; from the other side, one or 
more local features encountered by the scalar field during its evolution could 
induce interesting phenomena at the quantum level, for instance triggering 
premature reheating or a series of quantum tunnelings. 

Self-dual solutions and power-law expansion: tachyon case 

In the tachyonic case, from Eq. (1031) we have 77 2 = (—2glna) 1 , with 
Po = 3/2 for convenience; in order to have a real Hubble parameter with 
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positive q. the dual solution corresponds to the time region with a < 1. The 
tachyon solution ( 9 = 2) to Eq. (152291) is a(t) = exp ^/9 1 2 / (8 q). 

Power-law inflation is achieved with a tachyon profile 

T(t) = T 0 t , V(T) = V 0 T e ~ 2 , (5.49) 

and 

a(T) = ( T/T 0 ) n , H(T) = nT 0 /T, (5.50) 

for all q, where T 0 = y/2/ (3 qn). Defining z = (T/T 0 ) 2 , Eq. (15.281) gives 
z oc — (— ln^) -1 / 2 , and we get a real dual solution provided 0 < z < 1. Since 
z is a monotonic function of time (see Fig. 15.71 for 0 < 1), we express the 
dual quantities in terms of z itself: 

a = exp[— z/(2qn 2 )} , (5.51a) 

\H\ = (— qnlnz)^ 2 , (5.51b) 

e = qn(—zInz)~ . (5.51c) 

Consistently with Eq. ra . the dual Hubble radius decreases with time 
and in fact the dual cosmology decelerates (e > 1). Figure EH1 shows the 
behaviour of the found solution, together with the dual with p 0 = —3/2. 

Figure 5.7: Numerical plot of the function z(t) describing the tachyonic 
cosmologies dual to power-law tachyon inflation. The solid line divides the 
solutions of the two dualities at z = 1. 


Phantom and g-duality 

Another duality relates standard solutions to phantom (l = —1) superinfla¬ 
tionary (e < 0) cosmologies through Eq. (15.21 1) . For p 0 = —3/2, one has 

a(fj) = (5.52a) 

${$) = oW- (5.52b) 

The mapping (15.521) together with Eq. (15.251) gives t — —t, and we can get 
the phantom dual solution from the cyclic-dual one: 


fj(t) 

= 

(5.53a) 

aft ) 

= h -1 (—f), 

(5.53b) 

Hit) 

= 

(5.53c) 

e{t) 

= -e(-i). 

(5.53d) 


Figure 5.8: Tachyon cosmology dual to power-law tachyon inflation for ar¬ 
bitrary positive values of q and n. Each panel corresponds to the behaviour 
ofa(z), H(z), and e(z) (from top to bottom). 
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One may realize a similar evolution with superaccelerating scale factor by 
preserving the null energy condition (£ = 1) and flipping the sign of q. The 
mapping we impose is then 


(5.54a) 

(5.54b) 

(5.54c) 


q* = -q, 


9 * = 4 -9, 


—e. 


The effect of this correspondence is also clear from Eqs. (EH and (1031) . 
Actually, the choice of the sign of q determines whether the dual solution is 
superaccelerating or not. Since the region with q < 0 generates a phantom 
cosmology, the name “cyclic” often adopted for the transformation EQ) with 
Po > 0 is therefore misleading in a braneworld scenario with q < 0. Same 
considerations hold for the “phantom” mapping, which in this case would 
generate a solution without phantoms. 

Sometimes we will say that cosmologies with q < 0 mimic scenarios with 
phantom matter; by this we refer to the above matching of the Hamilton- 
Jacobi equations and do not mean that there is an effective equivalence be¬ 
tween the two, since in the first case the energy density decreases when the 
scale factor expands, while in the phantom case the energy density increases 
with a. 


5.2.2 Regular dualities 

It is not yet clear whether the dual solutions constructed so far, especially 
those with p 0 > 0, describe reasonable (not to mention viable) scenarios. At 
this point there are two possibilities. The first one is to accept these non- 
superaccelerating cosmologies and try to explain them by means of some 
deeper and still missing theoretical ingredient. The second one is to consider 
their exotic behaviour as a signal that we cannot impose po > 0 (or even p = 
const) consistently in pure high-energy braneworlds (at least in the RS and 
GB cases), while the 4D cosmology can be dual to another 4D cosmology. 
This is due to the fact that the functions a( iji) and y{^) live in different real 
image sets. Then a new path to follow is to find some mechanism which 
“regularizes” the dual solutions at the asymptotic past and future. The only 
degree of freedom we could exploit is given by the parameter p , which by this 
line of reasoning must depend on Therefore we are forced to assume Eq. 
CT , which generates the transformation 


a WO 
VW 



(5.55a) 

(5.55b) 
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For 6 7 ^ 0 7 ^ 6 , the other dual quantities read 


m = (^) I/ V/»w, 

e(V>) = ^W>) =*■ 

P5 

e(^) = r- £ W)>°> 

9po 


while 



so that - 0 (f) = - 0 (f) when 6 = 6. 
In 4D (6 = 6 = 0), 



dip 


(In a)' 
H°/ s ’ 


H(i)) = H el/po (iP), 

t = p 0 J 4 diP(\na)'/H d / po , 
e = Ue/p 2 0 . 


(5.56a) 

(5.56b) 

(5.56c) 

(5.57) 


(5.58a) 

(5.58b) 

(5.58c) 


The cross duality between the general-relativistic framework (6 = 0) and a 
high-energy braneworld (6 ^ 0 ) is, after a time redefinition, 


H(4>) = [In (5.59a) 

e(ip) = —e(ip)[po6lnH(ip)]~ l : (5.59b) 

r$ 

t — Po dip (In H) 1 ^ 6 (In a) 1 . (5.59c) 


Clearly, the effect of Eqs. dsn, esa and (15.5711 results in a rescaling of 
time when 6 = 6 , as one can verify by making the substitution 


Po 



(5.60) 


in the RS and GB power-law duals, Eqs. (EH and (15.4611 . In this case (which 
includes tachyon-tachyon dualities) duals without phantoms are achieved as 
long as po > 0 . 

When 6 ^ 6 , this transformation relates the dynamics of different 
braneworld scenarios. According to the cross duality between RS and GB 
standard inflation, the dual solution does not superaccelerate if, and only if, 
Po < 0. The power-law case is trivial since the dual GB solution is 

a = (j )~ 2n , H = (j ) 2 , e = n ~ l , (5.61) 

where n = —npo and <p(t ) oc t _1 / 2 . 
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In the power-law case the mapping (15 .5 oil can be realized also by 

a(^) = [lny(V0] s , (5.62a) 

VW = exp ^ J , (5.62b) 

where s is a real constant, giving a power-law dual a = t ^ s L Note the domain 
range of the dual scale factor. The dual parameter e is 


a 

H | 

\ 6 l 

ad6s 2 

\H\ 

\ e e 


(5.63) 


which shows how in general the mapping (15.621) is not equivalent to Eq. 
(15.5511 . This can be seen also by considering the action of the former in four 
dimensions, where the dual Hubble parameter reads 


H = exp 


3£ 

2 s 


dcj) 


In H 
(In H)' 


(5.64) 


The 4D dual of the power-law solution (15.3911 is a = cp s , H = exp(—0 2 /s), 
and e = 20 2 /s 2 , with potential V — (1 — e/3) exp(— se). If s < 0, there is an 
instability as 0 —> oo, while for positive s the potential has a local minimum 
at e* = 3 + 1/s [being V"{e*) oc s] and vanishes at large 0. 

One can devise other transformations of the Hamilton-Jacobi equation 
than Eqs. Em ra and Em The last example we give is the following: 



yW = exp[ra(0)], 


(5.65a) 

(5.65b) 


where r is a real constant. For 6 ^ 0 ^ 9, the basic equations are 



The RS—>RS dual (r < 0) has 

a 

H 

6 


The RS—>GB dual (r > 0) has 

CL ~ 

H - 
6 ~ 


T d ! 2 — / CK \ R® 

= 0 = -ra'(-) . (5.66) 

0 a \raJ 


~ expf 1 n , 

(5.67a) 

+—n 

~ t , 

(5.67b) 

j.n—1 

~ t 

(5.67c) 


exptd-o/a- 2 ^ 

(5.68a) 

^n/(l—2n) 

(5.68b) 

fP~n)/(l-2n)' 

(5.68c) 
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The GB^GB dual (r > 0) has 

d ~ expt (1+n) / (1+2n) , (5.69a) 

H ~ t -n/(i+2n) j (5.69b) 

e ~ r( 1+n) /(i +2n) . (5.69c) 

In the limit n —> oo, the GB dual of both RS and GB cosmology is a ~ 
exp y/t, that is the Randall-Sundrum self-dual solution with respect to Eq. 
and p 0 = 3/2. 


5.3 Relations between <j) and T cosmologies 

5.3.1 Slow-roll correspondence 

Because of the nonstandard kinetic term in the equation of motion for the 
tachyon, there is no field redefinition connecting Eqs. 4223D and EQ) ; 
in other words, the scalar and tachyon fields are dynamically inequivalent. 
However, we have seen that in the extreme slow-roll approximation the two 
descriptions are not distinguishable to lowest SR order, since, near a local 
extremum V ~ const, one can rescale T such that </> = y/VT and V{4>) ~ 
V(T) [see Eq. (12.761) ]. For this reason, any cosmological observable generated 
by an inflationary mechanism with sufficiently slow rolling will be rather 
insensitive to which of the equations of motion is governing the dynamics. 
As another example, we consider inflationary non-Gaussianity in Appendix 

m 

In general, this first-order correspondence between scalar-filled and 
tachyon-filled backgrounds allows to relate cosmologies with different index 
Thus, one might expect similar predictions for first-order quantities 
when there is no brane-bulk exchange; however, second-order effects may not 
be irrelevant when comparing the theory with observations, as it has been 
seen in Secs. EE3and|mj Outside the SR regime, the tachyon dynamics 
may lead to qualitatively different scenarios m- 

Also, there is a sort of triality among the Mukhanov equations for the 
scalar, tachyon, and tensor amplitudes: in fact, v# = lim 6 /^, 2 z't and u h = 
lim^o Vt- The first condition is a consequence of the definitions of the SR 
towers; the second one states that, when e T oc T 2 ps const, the quantum field 
Uk(8T) evolves like its gravitational counterpart Uk(h). 

It is worth noting that in higher-derivative theories the scalar and the 
tachyon may behave in a radically different way. The expression (EH) is 
not the most general outcome from alternative gravitational theories. An 
example outside the braneworld framework is given by the four-dimensional 
gravitational action (12.81) with f(R) = InR ITT. In the high-energy limit 
the Friedmann evolution reads 


H 2 « e p , 


( 5 . 70 ) 
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where we have absorbed some dimensional positive factors. The SR param¬ 
eter (EH) is 

6 = = ^(l + w)lnH 2 . (5.71) 

Notably, the exponential behaviour of Eq. ezoD does not completely spoil 
the patch equations we constructed above. Indeed, for an ordinary scalar 
field we have 

• 2 H' 

^ ~ 3 H 2 In H 2 ’ 

while the Hamilton-Jacobi equations read 

Vtf) = ( 5 - 73a ) 

H'(<p)o!((p) = -fin (5.73b) 

Therefore Eq. (I5.73bl) reproduces Eq. (12.7711 when q = q(t ) = In H 2 and 
6 = 2 are independent quantities; the extra logarithmic term makes the 
dynamics deviate from the general patch. For the tachyon, the Hamilton- 
Jacobi system is 

V 2 {T ) = (In H 2 ) 2 — |e T , (5.74a) 

H'(T)a'(T ) = —|[ln/7 2 (T)] 2 i/ 3 (T)a(T). (5.74b) 

Equation (15 ,74a II does not reproduce the normal-scalar potential (l5.73a,D even 
at first order in e. 

5.3.2 (/-correspondence 

Another useful correspondence appears when taking the limit q —> oo (9 —> 
2), which is another way to look at the parameter (12.7511 . Then, the SR towers 
(12.371) and (12.5911 acquire the same dependence on the Hubble parameter; this 
fact, together with Eq. (12.781) . tells us that the inflaton field formally tends 
to an evolution equation ip rv./ H'/(qH 2 ). 

Here “formally” means that, from a dynamical point of view, this limit is 
trivial because it forces the inflaton field to a static background ip ~ const 
[Eq. (12.8611 guarantees that perturbations are frozen]. Nonetheless, if one 
keeps nonvanishing slow-roll parameters, it can help to derive and check 
tachyon H-SR tower and formulas from those of the scalar case; see Eqs. 
(l2~T3l) and (12.6011 . In fact, general SR combinations will contain 6 factors 
and remain asymptotically finite, a fact which we have translated into the 
adoption of d; a cross comparison of the slow-roll equations in Chapters [3 
and El nicely shows this feature. In PI it was noted that the asymptotic 
cosmology 6 = 2 gives the largest scalar spectrum and smallest scalar spectral 
index for a power-law inflationary expansion. 

Looking at the exact solutions of Sec. 12.51 when going to the limit q —> oo 
in the kinetic term ip , scalar solutions approach the tachyonic ones within 
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5. Dualities in patch cosmology and other issues 


a given background scale factor; in particular, the parameter defined in the 
end of Sec. 12.5.21 A —> —nf 2, and Eq. (12.981) matches Eq. (12.1071) . Using 
this trick, dynamically inequivalent setups are connected when considering 
the formal time evolution of the inflaton field with respect to the asymptotic 
gravitational background. In the holographic language HB0 EHD SMI, this 
is equivalent to consider the static solution as the common fixed point of the 
scalar and tachyon theories, with / 1 -function given by f3 ~ ip and in the limit 
in which the horizon-flow tower of the scalar theory approaches the H-SR 
tower and becomes dynamical. 

We conclude with an interesting remark. The above dualities connect not 
only different braneworlds with the same type of scalar field but also patches 
with different scalars. If one wishes to construct cosmologies with a DBI 
tachyon, it is sufficient to start from a generic scenario (r/Z, q, 6) and hit the 
dual (T,q, 2) via either Eq. (15.211) . (15.551) . (15.621) or (15.651) . In particular, 
with Eq. (15.551) 


H(T) = [H(^ - T)f/ 2 , 9^0, 

H(T) = [In H(ijj —> T)]” 1 / 2 , 9 = 0, 


(5.75) 

(5.76) 


in agreement with the previous results on power-law standard and tachyon 
inflation. 

5.4 Remarks on cosmologies with q < 0 

Let us come back to nonstandard cosmologies with negative q and make 
some considerations on their features. If the bulk moduli vary with time, 
the resulting Friedmann evolution on the brane changes accordingly and can 
be written as in Eq. (EH) but with a time-dependent exponent q(t), at 
least in a small time interval and under particular energy approximations. 
The SR parameter e would not be constant even in the case of constant 
index of state w, see Eq. em We stress once again that it is left to 
see whether such a moduli evolution can be consistently implemented in 
string theory. A sensible treatment of the moduli sector is crucial for a clear 
understanding of string cosmology; concrete examples have been constructed, 
e.g., in | 21 ()[ 1483114841148511486! 1487] . Nonetheless, a few preliminary remarks 
might trigger some research in this direction. 

5.4.1 g-bounce? 

In the end of Sec. EH we have seen that there is a formal duality, similar to 
the “phantom” duality, relating standard expanding solutions with q > 0 to 
superaccelerating cosmologies with q < 0. Now it would be interesting to see 
what are the properties of these solutions and whether they can play some 
role in bouncing scenarios, as true phantom components may do. For this 
reason, let us assume that (i) the moduli variation is such that a contracting 
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Figure 5.9: Inflationary expansion with a short q —> —q —> q transition. 
The physical Hubble length |i? H | (upper panel) and the comoving one \R H \/a 
(lower panel) are plotted in arbitrary units of time, k denotes the comoving 
wave number of a perturbation exiting the horizon during the q-transition. 
For t < 0 a standard contracting behaviour is represented. 


period with q < 0 is smoothly followed by a standard q > 0 expansion, and 
(ii) some stabilization mechanism is effective after the shift in the moduli 
space, so that the cosmological expansion on the brane can be described by 
one of the previous models (4D, RS, GB) at sufficiently late times. In the 
simplest toy model, we can consider a sharp transition from — q to q at the 
big bang, with 0 < q = const -C 1 around the bounce. 

The contracting phase is deflationary since a > 0 and is actually super- 
accelerating if the brane content is not phantomlike. The absolute value of 
the Hubble rate decreases to zero while the energy density p(t) approaches 
the singularity at p( 0) = oo; in a standard contracting phase (Fig. 15.91 for 
t < 0) it is the Hubble radius that decreases. 

Note that at neither this nor any other stage we are saying anything 
about “the creation of the Universe,” since all these considerations regard 
the cosmological evolution from a brane-observer point of view rather than 
the global spacetime structure. Although the back-reaction on the brane is 
governed by the moduli evolution, the braneworld as a geometrical object 
does not undergo any dramatical transition and is considered to be present 
at any time in order to make sense of the modified Friedmann equation 
before, during, and after the bounce. Genuine braneworld creation has been 
considered in [ 388 , 389 ], 

There are several advantages in constructing a model of bounce with 
varying q. First, it avoids the reversal problem due to the monotonicity 
of the Hubble parameter in general relativity |439| . Second, one does not 
encounter the classical instabilities of background contracting solutions with 
w = const found in [36211362]. In this case, from the continuity equation 
the energy density scales as p = a~ 3 ( 1+w \ up to some constant factor. In 
a contracting universe, if w < —1 the energy density of the scalar held is 
nonincreasing, while an extra matter or radiation component increases with 
time. Therefore solutions with w < — 1 are not attractors as regards the 
isotropic cosmological evolution, while solutions with w > 1 (3> 1 in cyclic 
or ekpyrotic scenarios) are stable. 

Put into another way, for constant w one has R H ~ t and a 
When 0 < e < 1, a grows more rapidly than the Hubble radius and quantum 
fluctuations can leave the horizon; for q > 0, e > 1, and H < 0, a necessary 
condition for getting a scale-invariant spectrum is that R H shrinks more 
rapidly than a, that is e > 1. When q < 0, the scale factor shrinks as the 
Hubble radius decreases and vice versa, and no apparent critical index of 
state is required. 
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Since there is no concrete model motivating a patch transition, this sce¬ 
nario is not less arbitrary than those invoking an ad, hoc phantom matter. 
Matter with w < —1 has been advocated both in the context of bouncing cos¬ 
mologies and for explaining modern data on cosmic acceleration. Although 
it has been criticized in many respects [3841 Hffl ESDI [491j and is not strictly 
necessary to bring current observations to account ini mm sms emi, a 
phantom component still can be embedded in string theory mm sse] and 
has attractive features; for instance, in a cyclic phantom universe black holes 
are tore apart and are prevented to cannibalize the cosmological horizon dur¬ 
ing one of the contracting phases [ 4591. 497 . f498 j. Of course this is not the 
case for g-cosmologies in which the null energy condition, determining the 
evolution of the black hole mass, is preserved. 

Another clear shortcoming is that there is no apparent reason why the 
scale factor should reverse its evolution exactly during the g-bounce. There¬ 
fore there is no immediate relation between solutions with negative q and 
bouncing models of the early Universe. Anyway Eq. (ED is only a partic¬ 
ular case of a wider and more realistic class of cosmological evolutions, to 
which the RS scenario itself does belong. If the nonstandard behaviour of 
the 4D Friedmann equation arises as a correction to the linear term, then it 
is natural to write it down as a polynomial (rather than a monomial) in p : 

H 2 = b lP qi - b 2 p q2 , (5.77) 

where q\ 1 q 2l bi 1 b 2 are constants; one can always set one of the bi s to 1 in 
appropriate units. In the RS two-brane case q\ — 1, b\ — 1, and q 2 = 2, 
while b 2 = — (2A)~ : in the type 2 model (matter on the brane with positive 
tension) and b 2 = (2|A|) _1 in the type 1 model (matter on the brane with 
negative tension). If bi,b 2 > 0, then a bounce occurs at 

p b = (b a/fcO 1 ^ 1 -®). (5.78) 

Under the additional assumption that sgn(gi) ^ sgn(g 2 ), a period of non¬ 
phantom superacceleration may dominate at some point of the evolution, 
according to the sign of the coefficients. But about this we will say no more. 

5.4.2 g-bump? 

Another possibility arises when the evolution of the moduli in the bulk is 
such that q changes from positive to negative to again positive values in 
some interval At = t e — tj. In the case the transition q —> — q —> q hap¬ 
pens during the inflationary period, some interesting features in the power 
spectrum may be generated. A bump in the power spectrum would occur 
for those perturbations crossing the horizon during the patch transition. In 
the toy model, q(t) is a step function with sharp transitions and the char¬ 
acteristic time of the event is small with respect to the total duration At inf 
of the accelerated expansion, At/At in f -C 1; in Fig. 15.91 the interval At is 
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exaggerated. Perturbations leaving the horizon during this period will break 
scale invariance in a comoving wave number interval A k = k{t e ) — k(tj). 

To get some idea of the properties of the arising feature it is more conve¬ 
nient to consider a smoothly varying q. for example with a Gaussian profile 
centered at some time to, 

q(t) = q 0 -qie- {t - to)2/a2 , (5.79) 

where qi > q 0 > 0 and At ~ a is the region of validity of the approximation. 

Let us recall that the expressions for the squared scalar and tensor am¬ 
plitudes and their ratio are {/3 q = 1) 

A]{^) oc qH 2+e /e , A 2 t oc \q\H 2+e /( q , r = \e\/C q , (5.80) 

where ( q is a 0 ( 1 ) coefficient depending on the concrete gravity model and it 
has been assumed to be positive without loss of generality. Equation (15.8011 
is valid to lowest SR order; in fact, around q ~ 0 the parameter e ~ 0 and 
the SR approximation still holds. The scalar and tensor indices are, near 
k 0 = k(t 0 ), 


n s — 1 « —(2 + 6)e + (1 — e)y , (5.81) 

n t « -(2 + 0)e. (5.82) 

A negative q ~ qo — qi corresponds to 6 > 2 and a very blue-tilted gravita¬ 
tional wave spectrum, an effect that has been found in ekpyrotic models also 
|448) 14631146411465) 1466) . However, models with 7 > 4e have even a blue- 
tilted scalar spectrum; if k 0 <C 10 , that is at long wavelengths, this might fit 
with the loss of power in the CMB quadrupole region found in recent data. 
Note that the divergence 6 —> 00 at the bounce is typical of purely adiabatic 
perturbations. In general relativity, the consistent introduction of entropy 
perturbations, generated by the mixing modes of a multicomponent fluid, 
compensates the curvature divergence |360] and a similar mechanism might 
operate in this case, too. 

5.4.3 (/-inflation? 

Because of its features one might think to regard an expanding q < 0 era 
as a substitute of standard inflation. For example, we can devise a super- 
accelerating universe filled by a not-slow-rolling scalar field with a generic 
potential. The expansion inflates the fluctuations of the field (thus explain¬ 
ing the large-scale anisotropies) until the moduli evolution changes the sign of 
q and gracefully exits to a normal, decelerating expansion. A few properties 
of expanding g-models were already outlined in Chapter [3 

One of the most important strongholds of inflation is its capability to 
select a de Sitter vacuum from a non fine-tuned set of initial conditions. This 
property is encoded in the definition of the inflationary attractor of Sec. 12.41 
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If there exists an attractor behaviour such that cosmological solutions with 
different initial conditions (i.c.) rapidly converge, then the (post-)inflationary 
physics will generate observables which are independent of such conditions. 
When 6 > 2 (q < 0) in Eq. (12.8611 . H' 0 and ip have concording signs. In 
this case, linear perturbations are suppressed when |e| < 3/9 ; in the large 
6 limit, that is when q is close to vanish in the realistic case of smoothly 
varying moduli, this condition leads to a trivial de Sitter expansion H — (3q 
insensitive of the matter content. Solutions with a greater SR parameter 
would depend on the initial conditions in an unpleasant way. 

The condition |e| < 3/2, though more stringent than those of standard 
inflationary scenarios with positive e (4D and RS: Ve; GB: e < 3), does not 
severely constrain the dynamics of the scalar field in order to have a suffi¬ 
ciently flat potential, provided not a too negative q. However, it is important 
to stress that this new picture might not replace inflation because of this pos¬ 
sible fine tuning, \q\ <C 1. Therefore it is not clear whether the dependence 
on i.c. would survive or not after the bump, although a sufficient amount of 
g-inflation might have erased any memory of the i.c. at this time. 
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Discussion and conclusions 


And I said to my spirit, When we become the enfolders of those orbs 
and the pleasure and knowledge of every thing in them, shall we be filled 
and satisfied then? 

And my spirit said No, we level that lift to pass and continue beyond. 
— Walt Whitman, Leaves of grass (1855 edition) 


6.1 Summary of the results 

In this work we have considered an inflationary period started by a single 
scalar field, with either an ordinary or Born-Infeld action, slowly “rolling” 
down its potential and driving an earlv-Universe period of accelerated ex¬ 
pansion. Quantum fluctuations of this scalar field generate the perturba¬ 
tion structure explaining the small anisotropies of the cosmic microwave 
background. By means of the slow-roll formalism, several consistency re¬ 
lations have been derived and used to compare theoretical predictions and 
modern experimental data. Cosmological models with a variety of different 
high-energy ingredients have also been confronted, using a modified effective 
Friedmann equation (describing the cosmological evolution on the brane) 
and/or a maximally symmetric realization of noncommutative spacetime. In 
the latter case, spacetime is assumed to have a “fine-grained” structure at 
quantum scale, which rather surprisingly modifies the large -scale spectrum 
of primordial perturbations. Modifications of the Friedmann equation were 
assumed to be valid within finite time intervals or, equivalently, in particular 
energy regimes (or “patches”) experienced by the inflaton field during the 
early cosmological evolution. Thanks to the patch approach, we have ob¬ 
tained a Hamilton-Jacobi and SR formulation of the cosmological evolution 
which is valid for many known gravitational theories either in a particular 
energy limit or time interval. 

Despite all the shortcomings of this approximated treatment of extra- 
dimensional physics, it gives several important first-impact informations. 
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6. Discussion and conclusions 


Different braneworld models are treated in a simple, unified way. The four- 
dimensional scenario as well as tachyon inflation are automatically included, 
without performing separate analyses of the cosmological dynamics. We have 
achieved the following results for commutative inflation: 

- Previous assessments on tachyon and normal scalar inflation have been 
extended to the patch context, in particular regarding the inflation¬ 
ary attractor, exact solutions, perturbation spectra, non-Gaussianities, 
Hamilton-Jacobi formulation, and dualities. 

- The consistency relations describing the inflationary spectra are def¬ 
initely broken in the presence of extra dimensions and can discrimi¬ 
nate between standard four-dimensional and braneworld scenarios. We 
have also provided many elements useful for probing the viability of 
braneworld models through the latest observational data of the cosmic 
microwave background. 

- We have generalized the four-dimensional triality between inflationary, 
cyclic, and phantom cosmologies to the patch case. The simple 4D 
relations between the SR parameters of models with an ordinary scalar 
field are broken and extended consequently. The self-dual solutions and 
the duals of power-law inflation have been provided in the presence of 
either a normal scalar field or a Born-Infeld tachyon. The structure of 
the triality is deeply modified: The cosmologies dual to inflation either 
display singularities within finite time intervals or are not singular at 
the origin. This last feature is appealing as regards the construction 
of nonsingular bounces. Finally, starting from a new version of the 
“phantom” duality, we have set some remarks on cosmologies with q < 0. 

- Under certain assumptions, it can be shown that the linear cosmological 
spectrum comes from the first term of a gradient perturbative expansion 
of a nonlinear curvature perturbation satisfying a generalized Mukhanov 
equation of motion. The bispectrum of this quantity, which involves it at 
second order, governs the non-Gaussian signature eventually detectable 
in the CMB. By neglecting the projected Weyl tensor on the brane, we 
have found that the pure inflationary contribution to the nonlinearity 
parameter /nl is proportional to the braneworld scalar spectral index 
and therefore unobservable, in agreement with past 4D calculations. 

In Chapter 01 we have considered several classes of noncommutative inflation¬ 
ary models within an extended version of patch cosmological braneworlds, 
starting from a maximally invariant ^-generalization of the action for scalar 
and tensor perturbations. The noncommutative cosmological model by Bran- 
denberger and Ho has been developed from both the theoretical and experi¬ 
mental point of view, showing that new compelling features arise when con¬ 
sidering the presence of a noncommutative scale. A full analysis of these 
models and their observational consequences have been interpreted in the 
light of WMAP data (in collaboration with Shinji Tsujikawa). The main 
results are: 
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- Class 1 and class 2 models are appreciably distinct from each other in 
the full span of the spectrum. 

- BH and New models give almost the same predictions in the IR region 
of the spectrum. 

- The relative running (14.7811 is generally more pronounced in the GB sce¬ 
nario than in 4D, while in RS the effect is less evident. Either increasing 
n s or going to the commutative limit, H/M s —> 0, the relative running 
Aa s tends towards positive values. 

- The consistency relation n t oc R , Eq. (14.10811 . greatly differs from one 
noncommutative model to another. The perturbations are always blue- 
tilted for the class 1 scenario, thus giving positive values of n t /R. This 
unusual property comes from the fact that the mechanism for generat¬ 
ing fluctuations is different from the standard case due to the stringy 
uncertainty relation in momentum space. 

- Expressing the inflationary observables { A 2 S1 R , n s . n t . a s , a t } in terms 
of the horizon-flow parameters, the likelihood analysis of these quantities 
is the same for both types of scalar fields. One can find some difference 
in the n s -R plane by the noncommutative modification of consistency 
relations. The main change appears in the maximum value of R (= 
R max ) and it ranges in the region 0.5 < R max < 0.7. 

- We have also placed constraints on the large-field monomial potentials 
V = Vo^ p (including the exponential potential V = Voe~^’^° by taking 
the limit p —> oo) in the 4D, RS, and GB cases in (non)commutative 
spacetime. For the ordinary scalar field </>: 

. The quartic potential is rescued from the marginal rejection in the 
noncommutative class 2 4D case (a = 2). 

. Steep inflation driven by an exponential potential is excluded in the 
commutative RS scenario, but is allowed in the noncommutative 
class 1 RS case (cr = 6). The quartic potential is compatible with 
observations both in the class 1 and class 2 RS cases, but it is not 
so in the RS commutative case. 

. The quartic potential exhibits a compatibility with observations for 
the class 2 GB case, while it does not in the other two cases (GBO 
and GB1). 

For the tachyon field T : 

. A scale-invariant spectrum (n s = 1) is generated for p = 2 in the 
noncommutative class 1 case irrespective of the kind of patch cos¬ 
mologies. 

. Even steep inflation is allowed due to small values of the tensor-to- 
scalar ratio in the three patch classes. 

All these properties have been investigated both analytically and nu¬ 
merically. 
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- We have also pointed out a possibility to explain the suppression of 
CMB low multipoles using a blue-tilted spectrum generated in the IR 
regime. Although noncommutativity can provide a better fit of the 
spectrum for low multipoles, it is not easy to fully explain the loss of 
power. Anyway, this spectral region chiefly suffers from cosmic variance 
and the experimental data at large scales (l = 3,4) are not determined 
with sufficient accuracy. 

- Inflationary non-Gaussianity does not change significantly when consid¬ 
ered in a noncommutative framework. 


6.2 Open questions 

The patch formalism will prove adequate for developing new scenarios with a 
modified Friedmann equation, different from those constructed so far. How¬ 
ever, it is important to stress what are the assumptions and eventual short¬ 
comings of this approach in order to push forward our knowledge and walk 
through a path that - for myself, I do not even say has been taken yet - 
people have begun to catch a glimpse of. 

6.2.1 Bulk physics 

With no reference to the gravitational sector, two important assumptions, 
intimately connected with the evolution of the matter content, emerge; 
namely, to consider an empty bulk and neglect the Weyl tensor contri¬ 
bution. In particular, there is no source term in the continuity equation 
Em. In the Randall-Sundrum model, several works have shown that bulk 
physics mainly affects the small-scale or late-time cosmological structures, 
i.e., that part of the spectrum which is dominated by post-inflationary physics 

However, it is possible that a nonzero brane- 
bulk flux would modify the inflationary spectra. For instance, production of 
particles when the inflaton does not lie in its vacuum state can generate a 
non-Gaussianity signature during the accelerated expansion [499] EHOUSoiJ. 
CMB observations strongly constrain the maximum number density of these 
particles and the n-point correlation functions of the resulting perturbations; 
with a brane-bulk exchange mechanism and interactions at the KK energy 
scale, this number density, as well as the predicted non-Gaussianity, may vary 
nontrivially. Thus, the adoption of a modified continuity equation may lead 
to a richer scenario. See, e.g., for Randall- 

Sundrum cosmologies with nondiagonal bulk stress-energy tensor and [592] 
for a six-dimensional example (but see also [ 593] 1. 

Future studies of patch cosmology with implemented bulk contributions 
will be crucial for several reasons. For example, one should consider the con¬ 
tribution of the nonlocal physics of the bulk in order to set a truly consistent 
picture of braneworld cosmologies and dualities. 
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In the typical inflationary context, Eq. (EH) encodes the most part of 
the braneworld effective evolution; in fact, the simplest contribution of the 
projected Weyl tensor is oc a” 4 and is damped away during the accelerated 
expansion. However, the dark radiation term is no longer negligible in a 
shrinking universe and should be taken into account when relating an infla¬ 
tionary evolution to its contracting dual. 

Also, a way to generate a stronger non-Gaussian signal in the braneworld 
context might be to include the Weyl contribution, but as we have seen in 
Sec. 12.1.21 we should expect it to play a negligible role in the long wavelength 
limit. Nevertheless, this issue will deserve further attention for at least two 
good reasons. The first is that Weyl damping was considered and shown only 
in the case of linear perturbations, while the stochastic Langevin equation for 
the curvature invariant holds at all orders. The second is that bulk physics 
intrinsically provides a noise source to the Mukhanov equation through an 
infinite tower of Kaluza-Klein scalar modes dominating at short wavelengths 
HSU- Therefore, while Eq. (IB.8(11) would keep being valid, an important 
contribution to the stochastic noise term (IB.87bl) might be lacking in the 
present analysis. In this case the consistency equations, included Eq. (IB .5011 
even in the squeezed limit, would be spoiled anyway 

6.2.2 More on noncommutativity 

Noncommutative models are far from being completely explored. For in¬ 
stance, one could impose also the extra dimension(s) to be noncommuta¬ 
tive and extend the algebra (l4~T3l) or other realizations to the transverse 
direction(s). A brane with finite thickness would emerge because of the 
minimum length scale l s ; in this case our analysis could be thought as per¬ 
formed on mean-valued quantities along the brane thickness. For example, 
P -> ( P) f hiane pdy, p —> (p). and so on. The subject requires further in¬ 
vestigation and a good starting point might be the cosmological thick brane 
setup |504l 150511506115071150811509( I510[ 15111151211513] . 

An interesting possibility is to choose another vacuum state rather than 
the adiabatic vacuum with which the perturbation spectrum is usually cal¬ 
culated. This scheme has been outlined in |M] and developed in HSIIMI. 
Another important aspect is the extension of SR calculations to next-to- 
leading order; the use of the gravitational version of the function z{rj ), Eq. 
(TTO , would permit to compute higher-order expressions for both the tensor 
amplitude and the consistency equation for the tensor index. 

6.2.3 More on patches and beyond 

Beside Weyl physics, other possible ingredients have been left aside in this 
work. One of them is the influence of quantum correction to the braneworld 
model, embodied in an induced gravity term in the 4D brane action |272l 

IHH EH EEH1EEH EEZl EEB1 EES EUl IS2D- 
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6. Discussion and conclusions 


In parallel, it would be interesting to explore two other directions. The 
first, most important issue should be to find new cosmological scenarios with 
6 7 ^ 0 , ± 1 ,4 and exploit the compact formalism provided by the patch formu¬ 
lation of the cosmological dynamics. Certainly there could be a lot of work 
for M/string theorists in this sense. In particular, we would like to motivate 
q < 0 scenarios within string theory, super or quantum gravity, since at this 
stage they are rather speculative. 

A priori , it would be useful to investigate whether some regions of the 
line of patches 6 are excluded or not by observations. A clear answer in this 
respect would constrain any new braneworld scenario with a nonstandard 
Friedmann equation with 6 0, ±1. In the 4D case (6 = 0), we have ad¬ 

dressed a similar question for the noncommutative quantity a and performed 
a likelihood analysis with a very large prior (|cr| < 100) |HH| . The parameter 
did not show a good convergence, as the tensor index n t can be made smaller 
by choosing a smaller R in Eq. (14.1081) . Since the same result holds when 
varying 6 and assuming the set {n t , ( q R} to be constrained by Eq. (14.1081) . 
one has to consider fixed values of any extra parameter which modifies the 
four-dimensional scenario. Then we have not been able to say anything about 
the viability of a general patch cosmology. 

The second direction is related to the dual picture and goes towards 
a study of the cosmological perturbations through the bounce, by further 
modeling the too simple step-function transitions we presented. A more 
concrete model would try to provide a smooth big crunch/big bang phase 
and allow a nonsharp transition in q. 

In order to fully resolve the singular bounce we should rely on a de¬ 
scription more general than classical gravity. To find reasonable solutions of 
the big bang singularity and embed a bouncing picture in a well-established 
(stringy) theoretical framework will perhaps be one of the most promising 
lines of research in the following years, not only for the immediate cosmologi¬ 
cal implications (observability of pre-inflationary physics and comprehension 
of the high-energy early Universe) but also because it might lead to a bet¬ 
ter understanding of the still controversial but intriguing landscape of vacua 

insaisssi. 

Let us conclude with a fundamental question which lay hidden in these 
lines and nevertheless should be answered: What about cosmic confusion? 
Can we rely on the consistency equations and CMB observations as a smok¬ 
ing gun for both braneworld and noncommutative scenarios? In the con¬ 
text of the patch formalism the answer, presumably, is no. As it typically 
happens in cosmology, other completely different frameworks could mimic 
the features we have exploited, and even simple 4D multifield configurations 
produce a nonstandard set of consistency relations [2751 E23 E2S1- Some 
general relativistic models may predict a set of values for the observables 
{ n t , R, n s ,a s ,...} close to that of a braneworld within the experimental sen¬ 
sitivity. Even noncommutativity may not escape this “cosmic degeneracy” 
since, for example, a blue-tilted spectrum can be achieved by 4D hybrid in- 
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flation. So we can talk about clues but not proofs for high-energy cosmologies 
when examining the experimental data. 

The subject has to be further explored in a more precise way than that 
provided by the patch formalism in order to find out more characteristic and 
sophisticated predictions, extending the discussion also to the small-scale re¬ 
gion of the spectrum. Nonambiguous physical evidences for extra dimensions 
or other aspects of string/M theory would open up a new season (we would 
daresay “era”) for our modern view of the high-energy and geometrical struc¬ 
ture of spacetime and would dramatically boost the theoretical research for 
a viable, completely consistent theory. Therefore I do believe it will be im¬ 
portant to capitalize at least part of our efforts in the inspection of models 
giving reliable predictions to be tested in the near future. Whatever the final 
answer turns out to be, there is hope of tracking down braneworld signatures 
through the inflationary physics and related experiments. 





Appendix A 


Exact solutions in the RS 
braneworld 


Hawkins and Lidsey dHBJ have found several exact solutions for the Randall- 
Sundrum single brane inflation. Here we will consider just two of them and 
show that at sufficiently late times they approach the 4D power-law solu¬ 
tion with constant SR parameters, thus providing a reasonable background 
around which to construct lowest-order perturbation amplitudes [QSj- The 
first model has 


a(r) = (r + y/r 2 - 1 j , (A.l) 

4>(t) = — In (r + Vt 2 - 1 j , (A.2) 


where p > 1/3, 7 = y/4n/(pml), 

and t = a/47tA/(3 p 2 m|) (t 

— to) is the 

rescaled time, with to being an arbitrary integration constant, 
notation v T = dv/dr for the variable v, we have 

Using the 

H~ ar 

P 

(A.3) 

a 

y/r 2 — 1 

The slow-roll parameters are 



£ = 7) = 

1 r 

P y/r 2 — 1 ’ 

(A.4) 

£ 2 = 

1 T 2 + 1 
p 2 T 2 — 1 

(A.5) 

In the second model, 



a(r) 

= (4r 2 -l) p/2 , 

(A- 6 ) 

cosh[ 70 (r)] 

= 2r, 

(A.7) 

H 

Apr 

At 2 — 1 ’ 

(A. 8 ) 
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and 


e 


n 

e 



1 4r 2 - 1 
p 4t 2 + 1 ’ 


Hi 1 1 ( Exzl Y 

3 2 \ ^ 4T 2 J y4r 2 + 1/ 


(A.9) 
(A.10) 
(A.11) 


In the limit r —> oo, these solutions tend to power-law inflation |228| . with 
H = p/t and e — rj — £ = 1/p. This occurs both when the brane tension is 
very large and at late times. Actually one can fix the integration constant 
t 0 such that 4>(t = 0) = 0, whence t 0 ~ —m 4 /\/A; with this choice, one can 
show that the approximation with constant SR parameters is valid at large 
times, for instance when t > 10 3 t 4 , where i 4 = m 4 X ~ 5.4 ■ 10~ 44 s is the 
Planck time. Thus we have shown that there exist exact solutions with late 
time constant SR parameters. Anyway, the reader can convince oneself that 
the approximation is good by checking the behaviour of the scale factor a 
near the origin of time (first model: r ~ 1; second model: r « 1/2). In both 
cases, again, one obtains a power law (a ~ r p and a ~ t p7/3 , respectively) 
which, combined with the asymptotic behaviour of 0(r), generates constant 
SR parameters. 





Appendix B 

Inflationary non-Gaussianity 


After a brief introduction to the issue of Gaussianity, in this section we 
achieve three goals. The first is to demonstrate the validity of the Mukhanov 
equation for the braneworld, at least at large scales (Sec. IB.311 : not only 
the method we shall adopt gives independent support to other proofs (e.g., 
[ED EMI), but is valid beyond the linear order in perturbation theory. The 
second outcome is the bispectrum of perturbations generated by either a 
cosmological tachyon or scenarios, such as high-energy braneworlds, with a 
modified Friedmann equation (Sec. IB.4I) . Finally, in Sec. IB .51 these results are 
extended to the case of a maximally symmetric noncommutative spacetime. 


B.l Linear perturbations are Gaussian 

Once one knows the spectrum A% (also denoted depending on the nu¬ 
merical coefficient in the definition) for a given scalar or tensor perturbation 
one can ask what are the probability distributions P[$] and Pfc&k] of the 
fluctuations in real and Fourier space, respectively. In the latter, 

/ d 3 k 

(2^‘W k ' x , (B.l) 


where the Fourier coefficients describe the fluctuation <f>k oc <R/A for each 
wave number (hats indicate quantum operators). 

In the vacuum state |0k), the components of the field do not have 
definite values. Rather, we can expand the vacuum state into a combination 
of eigenstates of the fluctuation: 


| 0 k > = 

u 

4>k|0k)„ = *£|0 k }„, Vk, 


(B.2) 

(B.3) 


where the sum is over the ensemble of all the possible universes u. The 
probability to find a given distribution P[$£] of fluctuations will be given 
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by the squared coefficient |c u | 2 in the vacuum expansion. As we can observe 
only our Universe, in order to proceed we must assume that the Universe 
we live in corresponds to a particular choice u in the ensemble. Since in 
this case, at variance with the usual quantum experiments in laboratory, to 
choose an eigenstate is not equivalent to perform a measure, there arises 
the problem to understand what mechanism has forced the vacuum state 
into one of the eigenstates it is made of. The issue of the cosmic choice, 
intimately related with the quantum to classical transition of cosmological 
perturbations, is still unclear in many respects; some authors have considered 
it as a decoherence process, that is, a destruction of interference terms in 
density matrices [EME23E2SE11. 

Let us admit to have a set of well-defined Fourier eigenvalues for a fixed 
universe choice; ignoring henceforth the superscript u , they can be written 
as 

$k = l^kle^ = ^(d>k) + i S($ k ) • (B.4) 

In order to describe the statistical behaviour of cosmological perturbations, 
we recall some results on random fields mm-- 

1) If a random field $(a;) can be expressed as a Fourier superposition of 
coefficients <f>k such that 3?(d ) k) and 9( < f ) k) are statistically independent 
and with the same distribution for all k, then the probability distribu¬ 
tion P[$] of the field is Gaussian. This is equivalent to state that the 
phases $k are randomly distributed. 

2) The statistical properties of homogeneous and isotropic Gaussian ran¬ 
dom fields with zero mean, (<E>(a;)) = 0, are completely described by the 
two-point correlation function 

P*(x,x') = ($(z)$(x , )) t=t , (B.5) 

= V*(e), (B.6) 

where g = |x — x'|, or, equivalently, by the power spectrum 

V^(k) oc fc 3 (<f>k$-k)t, (B.7) 

where (fg)t = (. f(t)g(t )). Here, angle brackets indicate the mean on a 
collection of universes or, in the case of a quantum operator, its mean 
value in the vacuum state. For Gaussian random fields, the (2 n + 1)- 
point correlation functions 1 vanish identically, while the 2n-point corre¬ 
lation functions can be expressed through the only power spectrum. 

3) A Gaussian field is ergodic, that is its spatial means in a given realization 
u are equal to the expectation values on the entire ensemble, if, and only 
if, its spectrum is continuous. 

When applying these theorems to the above cosmological quantum fluctua¬ 
tions, one gets the following results: 


1 And the connected part of the 2n-point correlation functions 532 . 
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1) The real and imaginary part of each coefficient, Eq. (IB. dll , behave like 
two independent harmonic oscillators for each k, as shown by the equa¬ 
tion of motion for the fluctuation. This is clearer for the gauge-invariant 
fluctuation which is an oscillator in conformal time with squared 
mass ( k 2 — d^z/z). In the vacuum state they have the same probability 
distribution, given by the ground-state wave eigenfunction of an har¬ 
monic oscillator: a Gaussian. Another way to see this is to note that 
under this condition the phases $k are mutually independent, randomly 
distributed in the interval 0 < < 2tt, and such that d_k = — $k- If 

the phase of each mode is random, then the central limit theorem guar¬ 
antees that the superposition EH) is Gaussian if the number of modes 
is large. That is, one has (<fG k $k)t = ($£)* = 0? and the probability to 
have a fluctuation <f>(x, t) at the point x is 

e —<K 2 /( 24) 


(B.8) 



where 

/ °° dk 

y ?*(*), (B.9) 

is the variance of the distribution. In the approximation of linear theory, 
cosmological fluctuations have a Gaussian probability distribution. 

2) By the cosmological principle, the resulting distribution is homogeneous 
and isotropic, implying that the coefficients $k as well as the spectrum 
V<& depend only upon the absolute value k. The two-point correlation 
function depend only on g (Wiener-Khintchine theorem): 

_ , . f°° dk _ .sm(kg) _ 

VM = J 0 T^^kf 1 ' (B 0) 

Also, cosmological fluctuations are completely described by the power 
spectrum. 

3) The definition of the perturbation amplitude uni has the ergodic prop¬ 
erty, therefore being consistent with the initial assumption for the cos¬ 
mic choice for any continuous transfer function describing the time evo¬ 
lution of the perturbation. Then, the statistical properties of the pertur¬ 
bations are evaluated in the ensemble of spatial points in the sky vault. 

The Gaussianity of the statistical distribution for the perturbations is a direct 
consequence of ( i ) neglecting second-order terms in the equation of motion 
and (ii) taking the cosmological principle for granted. Actually both these 
are approximations, although very good according to experiments, of the the¬ 
oretical setup and the real world, respectively. When going beyond the linear 
theory and accepting some deviation from perfect isotropy, as CMB probes 
do indicate, small departures from the Gaussian distribution will appear and 
provide new interesting features to explore. 
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B.2 Bispectrum and non-Gaussianity 

According to the inflationary paradigm, small quantum fluctuations of the 
inflaton field are amplified to cosmological scales by the accelerated expan¬ 
sion. These perturbations then leave their imprint into the cosmic microwave 
background as thermal anisotropies. Two main physical observables are gen¬ 
erated by this mechanism, namely, the scalar spectrum, which is (the Fourier 
transform of) the two-point correlation function of scalar perturbations, and 
the bispectrum, coming from the three-point function [533 53411585]. For 
the curvature perturbation on comoving hypersurfaces 1Z , this reads 

(K(k 1 )K(k 2 )K(k 3 )) = ~(2n)V 3 > (k, + k 2 + k 3 ) 

x^2/ NL (k.,k i )(|7J L (fc j )| 2 ){|K L ft)| 2 ), 

i<j 

(B-ll) 

where (|7U L (£;)| 2 ) is the power spectrum of the linear Gaussian part 7U L of 
the curvature perturbation with comoving wave number k , sum indices run 
from 1 to 3, and /nl is the nonlinearity parameter? If /nl is momentum 
independent, one can write the gravitational potential in terms of TZ^\ in 
real space, 

R(x) = Kl(x) - /nl [RlM - <K?(X)>] , (B.12) 

which gives Eq. (IB.Ill) with / NL shifted outside the summation over the 
kj’s. When the statistical distribution is Gaussian, / NL = 0, the three-point 
function vanishes. In terms of the CMB temperature fluctuation AT(e)/T, 
measured along the direction e, the limit of the bispectrum at zero angular 
separation is the skewness, ^(e) = ((AT/T) 3 ). For practical purposes, this 
is a less sensitive probe for non-Gaussianity than the bispectrum LS3EJ- 
So far in this work we have restricted the discussion of cosmological per¬ 
turbations to the power spectrum, implicitly assuming to deal with all the 
relevant informations that can be extrapolated from the sky. In many re¬ 
spects, the measured two-point correlation function is able, all by itself, to 
both describe the microwave sky in great detail and place observational con¬ 
straints on the features of early-Universe models such as inflation. 

However, the experiments of the last generation have radically changed 
the general attitude towards cosmology and made possible what is now rec¬ 
ognized as a “precision era.” The physical scenarios explaining the large-scale 
structure of the Universe can be refined by more and more accurate obser¬ 
vational inspections. Therefore it is natural to consider the bispectrum, too, 
and ask what signatures of non-Gaussianity we might expect from a given 
theoretical model (see [ 539 | for a comprehensive review). 

2 Our definition of the nonlinearity parameter (sometimes dubbed in literature) is 

—2 • 3/5 that of |536 537] (there denoted $ 3 ), —3/5 times that of l5'3'5j . and 3/5 times 
that of j235ll538j . The factor of 3/5 comes from the definition of /nl through the peculiar 
gravitational potential H/ 4 , which is fEq = — 3T2./5 during matter domination. 
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A non-Gaussian spectrum can arise according to a number of different 
mechanisms: just to mention some, late-time nonlinear evolution of cos¬ 
mic structures pnj . multifield inflation or inflation with scalar spectators 
(Bill l5l2l I5l3l [Mil I5l5l l5i6l IbTH f5l8] , curvaton scenario 
nonvacuum inflation 

HUSHEDII, higher-dimension operators in the infla- 
ton Lagrangian insi, DBI-like inflaton [ 553] . 3 ghost inflaton (SS3, and, more 
commonly, self-interacting inflaton I5S3 E32 EH3 ESHl I^59J . Non-Gaussianity 
was also considered in generalized Brans-Dicke gravity pH] and D-D brane 
inflation pm). 

In four dimensions, it turns out that the inflationary contribution to the 
nonlinear parameter is 4/ NL ~ n s — 1 = 0(e) for a single ordinary scalar 
held [225, 15381] . It would be interesting to see how this result is modified for 
braneworld cosmologies and tachyon-driven scenarios. Intuitively, we do not 
expect a dramatic quantitative change in the effect since the patch formalism 
does not interfere with SR expansions except for the value of the coefficients 
in front of the SR parameters themselves. We have verified this guess in two 
ways. 

A preliminar confirmation comes from the stochastic approach of Gangui 
et al. [536 ], This approach permits to estimate the order of magnitude of 
the effect by just considering second-order fluctuations of a self-interacting 
inflaton field and no gravitational fluctuations. This might seem too crude 
an approximation, since one should go up to second order in perturbation 
theory in order to fully take gravitational back-reaction into account and treat 
the bispectrum consistently. Surprisingly, the inflaton perturbation really 
encodes the main feature of the model apart from the resulting incorrect 
combination of SR parameters. 

Stochastic inflation is an approximated method according to which the 
solutions of the equation of motion for the scalar perturbation in the long 
wavelength limit k ciH are connected to those in the k aH limit at the 
Hubble horizon |3911 139211393113941139311399’] . The scalar field (or other de¬ 
rived quantities) is separated into a “classical” or coarse-grained contribution 
y/ c ), encoding all the modes larger than the Hubble horizon, and a quantum 
or fine-grained part ip^ taking into account the in-horizon modes. There¬ 
fore, the classical part is the average of the scalar field on a comoving volume 
with radius ~ ( aH ) -1 . With this decomposition, the equation of motion for 
ip becomes a Langevin equation with a stochastic noise source generated by 
the fine-grained contribution of the quantum fluctuations (see [397] for an 
extension to stochastic inflation with colored noise). 

Actually, we have performed the calculation of |336j with the general FRW 
equation ea and the V-SR tower both for the scalar field and the tachyon. 
So, /nl = 0(e) for a generic braneworld filled with a scalar field ip. As we 
shall see, the key assumption giving rise to this behaviour is the validity of 
the standard continuity equation, Eq. (EH. The presence of a brane-bulk 


3 This model is quite distinct from the DBI cosmological tachyon. While the former 
predicts a strong non-Gaussian signature, the latter is more similar to standard inflation. 
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flow would introduce genuinely novel features and considerably complicate 
the set of dynamical equations. Also, in the presence of extra dimensions 
the gravitational contribution may lead to a nontrivial behaviour of second- 
order perturbations, since to this order the interplay between extra-horizon 
scales and small scales may become quite delicate. This would impose a more 
rigorous treatment and a full second-order calculation in order to carefully 
evaluate non-Gaussianity produced during inflation, e.g., like that performed 
hi [235] for the four-dimensional case. 

A very powerful approach in this sense is the space-gradient formalism of 
[238J EH3 E2U568J, a development of the separate universe method [ 255 J (see 
also the earlier works P?7ll^llF7nilH7niF^] l. We shall follow the notation 
of the cited papers closely, and skip details that can be found there unaltered 
by brane or tachyon physics. To begin with, it is convenient to work in the 
induced metric m 


ds'l 


brane 


N 2 (t , x)df 2 — a 2 (f, x.)dxidx l , 


(B. 13) 


where N is the lapse function and a(f, x) is a locally defined scale factor; in 
the synchronous gauge we used so far, N — 1. The Hubble parameter reads 
H = a/(iVa), where dots will denote derivatives with respect to t. Also, we 
define n = tp/N. The SR parameters (I2.79al) and (I2.79bl) are rewritten as 
(/ 3 q units) 


H 3g q n 2 

NH 2 2 H 2 ’ 

ri 

V ~ ~ NHU ’ 

while their evolution equations are 


e = NHe 


2 - 6 e - 2 /7 


V = NH(e V ~e), 


e 


1 

A UP 



(B.14) 

(B.15) 

(B.16) 

(B.17) 

(B.18) 


In the separate universe approach, the physical quantities such as Hit, x), the 
scalar field ip(t , x), cosmological perturbations and observables are defined on 
an inhomogeneous background and evolve separately through the dynamical 
equations at each point once the initial conditions have been specified. Then 
we can transform time derivatives into spatial gradients like 


diH 

H 


-e—diTp , 


= 2 e 




rj 


/ 

jjSiV’, 


(B.19) 


where the index i runs from 1 to 3, 9 = 1 for the ordinary scalar field, and 
6 = 9/2 for the tachyon. 
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At large scales, second-order gradient terms can be neglected and the 
gradient generalization of the Bardeen potential eh is conserved |262| : 


Q = X.-NH^, (B.20) 

0 = 0, (B.21) 


where X t = d{ In a. In the braneworld case, the long wavelength limit was ad¬ 
vocated for consistently neglecting the projected Weyl tensor; this in turn is 
deeply intertwined with the other fundamental constraint, that is a standard 
continuity equation 

p + 3HNp(l + w) = 0 . (B.22) 

For a scalar field, the curvature perturbation £ on hypersurfaces with con¬ 
stant energy density coincides with the curvature perturbation 1Z on comov¬ 
ing hypersurfaces, which as a vector quantity reads 

IZi = Xi - . (B.23) 

In the linear approximation, Eq. (IB.2311 is the spatial gradient of TZ , Eq. 
cnt The spatial gradient of the Mukhanov-Sasaki variable u corresponds 
to the linear limit of 


Q% 


-z(i = —zTZi — a ( dii/j 


n 

H 


Xi 


(B.24) 


where z is given by Eq. m and a = zH/Tl. In the generalization to the 
nonsynchronous gauge N ^ 1, 


an _ / 2e \ 1/2 

" ^ ° V^l H*J 


(B.25) 


where the speed of sound cs is cs = 1 for the ordinary scalar field and 
Cs = y/l — 2e T /(3 q) for the tachyon. For the ordinary scalar field, a = a. 
From Eqs. (IB.19D . (IB.2411 and (IB .2 oil we get 


diZ — —Qi + adiij}[ 1 + 9e - rj + (6 - l)? 2 ], (B.26) 


where the quantity 

2 = q c s 
q ~ NHc s 

is second order in the SR parameters. 


4 qe T r] T 
3 q — 2e T ’ 


(B.27) 


B.3 Generalized Mukhanov equation and 
stochastic inflation 

The evolution equation for Q t can be computed within the multifield frame¬ 
work of [238]. Here we consider the same calculation for a single field ^ in a 
















132 


B. Inflationary non-Gaussianity 


patch given by Eq. (EH): the results will match each other in the 4D case. 
The first time derivative of Eq. (TR~24l) is 

Qi = yQi = NHQi [1 + 0e- v + (6- l)? 2 ] . (B.28) 

z 

Another derivation gives 

Qi~zQi = 0- ( B -29) 

Z 

However, it is more convenient to keep the decaying mode implicitly dropped 
in the recursion of Eq. (IB.281) ; then the equation of motion can be recast as 




Qi — F Qi + QQi — 0 , 

(B.30) 

where 




F = 

N 

N ~ 

- NH , 

(B.31) 

n = 

F- ■ 

z 

(B.32) 


z 

z 

= 

2 + 

(39 — l) e — 3 r) — A9er) + + 9 — 9 ) 9e 2 + rf + ^ 2 + (9 - 

- l)^ 2 - 


(B.33) 


The extra tachyonic term is 

flk = 3 + (9 — l)e T — 2 rj T + — 1^ y 2 + 


(B.34) 


The expression for is in accordance with the computation in the linear 
theory |$8j and, as that, is exact in the SR parameters. The expression 
found in [ 2381 , 568 J (9 — 0, 9 — 1) is recovered via Eq. (12.681) . 

Equation (IB.301) is equivalent to a generalized Mukhanov equation (with 
the Laplacian term dropped) when expressed via conformal time dr) = Ndt/a ; 
since d 2 = ( N/a) 2 d 2 + ( N/a)Fd n and f1 = — (N/a) 2 d 2 z/z, one has 


dr/ 2 


1 fz\ 
z dr) 2 ) 


Qi 


o. 


(B.35) 


In the linear approximation and in momentum space, Eqs. (Ell and EMI) 
hold for Qi ~ diU —> ikiU k. From the de Sitter calculations of Sec. 13.21 the 
mean value of the quantum field u k is 


\dKP> 


aH 

\/2 (kc s ) 3 


(B.36) 


The equation of motion for u k can be written as an equation for the coarse¬ 
grained part of u k sourced by a stochastic noise term. The coarse-grained 
part of the Mukhanov variable is = uQW(kR), where W is the Fourier 
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transform of a window function W(|x — x'|/f?) falling off at distances larger 
than R. The scale R is of order of the comoving Hubble radius, R = h(aH ) -1 , 
with h > 1 so as to encompass the whole horizon. With h sufficiently larger 
than 1 we can safely discard the k 2 term in the Mukhanov equation. 

The final result is then extended to the nonlinear gradient variable Q t at 
large scales, getting 


Qi ~ FQi + klQi = &(t,x) 


W + W{2d t - F ) 


(B.37a) 
«k«(k) + c.c., 

(B.37b) 


where the superscript (c) in Q, is understood and a(k) is a complex stochastic 
quantity such that the ensemble average (a(k)a*(k')) = 5^(k —k'); it simu¬ 
lates the continuous crossing of modes outside the horizon and their addition 
to the coarse-grained part. As it stands, Eq. (IB .3 711 properly encodes the full 
stochastic contribution. This would not be the case if we started from Eq. 
dBm where the velocity degree of freedom associated with the decaying 
mode has been absorbed (see the discussion in [238 ] for more details). 

Equation (IB .3 711 is the nonlinear extension of the Langevin-type equation 
we used in the first-SR-order heuristic computation in synchronous gauge: 


V> ( c \t) 


u' 

3 H 


^ c \t) 

3//c| 


+ f(M) 


U' 
3 H 




(B.38) 


where U(<f>) = V(<f>) and U(T) = lnV’(T’). In this and the other equation 
one can see that there are basically two sources of nonlinearity. The first 
one is the back-reaction of the held fluctuations on the background encoded 
in the noise term, the second one is the self-interaction of the scalar held 
represented by the potential contribution [or —U'/(3H)\. Therefore, a 
priori the statistical distribution of Qf } ('0^) will be non-Gaussian, even if 
quantum fluctuations are random. 


B.4 Braneworld and tachyon bispectrum 

In order to compute the scalar spectrum and bispectrum, we hx the gauge 
to the time slicing with respect to which the A;th mode crosses the horizon 
simultaneously for all spatial points |565] . Then t = In (aH), NH = (1 —e) _1 , 
and R = he~ l . In this gauge, the gradient curvature perturbation and d t z 
are, respectively, 


Qi = ad^il - e ), 

(B.39) 

dtz « [(l + 9) e - 77 ] Qi 

(B.40) 

= -A(n s -l)Qi, 

(B.41) 
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where in the last passage we have used Eq. tjnm At first SR order, 

Fra-1, Q &2 + 3(6+ 1) e-3r]. (B.42) 

Equation (IB.3711 can be expressed as a Langevin differential equation in the 
curvature perturbation: 


TZi 


2 -~f] 7^ = --&(t,x) 

z z 


(B.43) 


To lowest SR order and neglecting the 7 Zi term, 

(B.44) 

where c$ ~ 1 inside £* and z. The power spectrum is given by the solution 
of the linearized equation (IB.44I) : at first order in a perturbative expansion, 



AD 

S i 

’ 


(B.45) 


where z^ is z defined on the homogeneous background. The time integration 
of £/z from the initial time f* to t is proportional to A s (k)B(kR), where 
B{kR) = Jl dt'{aH )- 1 [W + W(2 d t , + 1 )](aH) = [1 + (kR) 2 /3)W(kR) - [1 + 
(kRi) 2 /3]W(kRi) to lowest SR order. Here we have used a Gaussian window 
function 


W = exp(-k 2 R 2 /2 ), W = (kR) 2 W, Vd = [(kR) 2 - 2]VV, (B.46) 


and the lowest-SR-order eigenvalue equation dtu^ = u^. In the limit of 
asymptotic past (t, —*• —oo) and future (t —> +oo), B{kR ) —> 1. The inte¬ 
gration over k yields TZ^ = R} 1) = d~ 2 d l TZ^ and the lowest-order amplitude 
(E33D, after a computation almost identical to that of [52S|. 

At second order in the perturbation, —37 Z^ = ^. 

Since ^ = 0(e 2 ), the only surviving term at lowest SR order is, by the 
first-order version of Eq. (IB.41 ll . 



[z 


-R(i) 


Q 


(i) 


d~ 2 dW iZ V 

W) 


£ 


(1) 


3z(°) 


-\{n s 


l)7^ (1) 7^ 


3(1) 


(B.47) 

(B.48) 


After computing the nonlinear term IZ^ = —\(n s — 1)[7?R)] 2 , one is ready 
to write down the curvature perturbation at second order, 4 


7 ^ « 7 ^ (1) + \1Z {2) , 


(B.49) 


4 In . 575] various definitions of the second-order curvature perturbation are reviewed. 
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and the bispectrum (IB.ill) . Actually, the integration of the window function 
inside the noise term corresponds to a nonlinearity parameter with nontrivial 
momentum dependence, for which Eq. (IB.1 21) does not hold. When one of 
the momenta is negligible relative to the others, that is in the squeezed limit 
k 3 k i, k -2 , by Eqs. (IB. 481) and (IB. Ill) we get 

4/nl = {n s - 1) + 4/(ki, k 2 , k 3 ) « n s - 1. (B.50) 

Although we have not written explicitly the momentum structure f(k), we 
can draw some important conclusions. 

(i) Tachyon and ordinary inflation generate the same non-Gaussian signa¬ 
ture in the limit of collapsing momentum dependence and at first SR order. 
Outside this approximation the nonlinearity parameter f NL acquires explicit 
dependence on the type of scalar field and braneworld through the parameter 
z: 4/ nl = (n s — 1) + 4f( 0 ’^(e,rj;k 1 ,k 2 ,k 3 ). This is in agreement with the 
correspondence between lowest-SR-order tachyon and ordinary observables. 

(ii) Written in terms of n s . braneworld non-Gaussianity does not differ 
from the 4D picture, except perhaps in higher-order contributions. What 
changes is the inflationary model one has to impose in order to predict a 
given scalar spectral index. In this sense, we could regard Eq. (IB.5011 as 
a first-SR-order consistency equation joining the traditional set we explored 
until now, since both n s and / NL (through the bispectrum) are observables 
|576H577| . 5 6 

(in) On the other hand, one should note that the post-inflationary era 
greatly enhances non-Gaussianity, up to = 0(1) [FFTl, IF79:. 380 /' or even 
fm!* ~ 50 from a suitable preheating phase [ 3HT1J . As explained in 339) . 
the true observed nonlinearity parameter is not the bare inflationary result 
(IB.501) . In addition to the post-inflationary contribution, one must consider 
angular averaging. The total observed / NL is in fact, and at least, = 
0(1) + /nl- Therefore the nonlinear effect of braneworld or 4D inflation, if 
the SR approximation holds as we required, is always subdominant. 

Although these features can be obvious when inspecting patch cos¬ 
mology, here we have derived them quantitatively. 7 Moreover, the gradi- 

5 A small 11011 -Gaussian component comes also from the 3-point functions involving 
the graviton zero-mode. Using the z function 13.4411 for braneworld tensor perturbations, 
one finds a contribution proportional to the tensor amplitude and spectral index nt , in 
accordance with the 4D result 53SJ. However, since the tensor amplitude is much smaller 
than the scalar one, we can neglect tins term with respect to the scalar bispectrum. 

6 This is basically due to the fact that at second order the longitudinal gauge condition 

$ 4 1) — 'h/' = 0 is modified as <f> 4 2 ' — = 4 at large scales, thus providing a 

nontrivial second-order correction to the Sachs-Wolfe effect )235j . 

'The authors of Eza drew similar conclusions, claiming that Eq. (TrTnfili is a model- 
independent consistency equation under the assumption of single-field inflation and in 
the squeezed limit. However, a proper treatment of the second-order nonlinear Bardeen 
potential seems missing there, as already emphasized in |539] (Sec. 8.4.1). Reference E23 
deals with the de Sitter case only. 
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ent+stochastic approach can be the basis for next-to-leading-order SR and 
perturbation calculations as well as for numerical simulations [ 238 ]. 

According to the lst-year WMAP analysis, the power spectrum fully char¬ 
acterizes the statistical properties of CMB anisotropies: that is, / NL vanishes 
consistently. More precisely, the constrain on the nonlinearity parameter is 
—58 < /nl < 134 (EDI, which does not discard not only inflationary non- 
Gaussianity, but also other models predicting a more robust effect, /nl 1. 
See also F>S21E)B3| for other analyses. The next-year WMAP data and the 
Planck satellite should significantly improve the accuracy of the measure, 
with the inclusion of polarization anisotropies: /““(WMAP) ~ 11 — 15, 
/“l*(P lanck) ~ 3 - 5 

B.5 Noncommutative bispectrum 

Until now we have considered a commutative background throughout the 
whole spacetime. We can make a step further and phenomenologically as¬ 
sume to have a 3-brane in which the stringy spacetime uncertainty relation 
(ITO is realized, where now r — f dtNa. The separate universe approach 
does not contrast with a noncommutative background. To understand this 
point, we can use the linear picture of [255], and in particular their Fig. 1. 
The basic idea is that a comoving large-scale perturbation is independently 
specified in two comoving locally homogeneous regions separated by a dis¬ 
tance A, if the size A s > H -1 of these regions is small with respect to A. 
Perturbations are defined on a given background, that is a region of scale Ao 
much larger than our present horizon. Then the required hierarchy of scales 
is A 0 3> A A s > H 1 . In the presence of a nonlocal algebra, the string scale 
can play the role of natural marker in the hierarchy. For instance, setting 
A s ~ l s we just consider the IR region of *-models. If \ s > H^ 1 > l s , the 
previous argument is unchanged. 

Since the ^-product EH) does not involve homogeneous quantities (i.e., 
it preserves the FRW maximal symmetry), the Mukhanov equation for a 
noncommutative 4D |282j or braneworld ra scenario is, at linear order and 
large scales, Eq. (14.371) . In the separate universe approach, a± acquires a 
spatial dependence like the other quantities, a±{r ) —> a±(x, r). 8 The mea¬ 
sure Zk is given by the product of z and a correction factor f z depending 
on the particular noncommutative model one is assuming. The de Sitter 
solution of Eq. (HSU) is Eq. (14.401) . i.e. the commutative solution (IB .361) 
multiplied by // = (a eff /a) 2 , which is the relative rescaling of commutative 
to noncommutative conformal time. 

The above discussion on conserved nonlinear perturbations is not mod- 

8 Note that the correct procedure is first to smear the scale factor in a sufficiently small 
homogeneous neighbourhood, a(r) —> a±(r), and then to extend it to very large scales 
a±(r) —> a±(x, r). The “top-down” smearing a(x, r) —* a±(x, r) does not lead to Eq. 

fT~T71 . 
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ified by the introduction of a fundamental length scale. Therefore we are 
tempted to directly generalize Eq. (UEZD with the gradient variable Q,. 
Since the mass term d~z k /z k now depends on k, we define the Fourier mode 
of Qi as 

e (k) = f j0jze-‘ kx a- 2 d‘Q,(x) = -z t n(k). (b.si) 

Then Eq. (14.3711 holds for u k —>► Q(k). One gets the t -version Eq. (1R.30D by 
using the effective time dt = drja eS /N = dt/f a and setting N = N without 
loss of generality: 

df <2(k) - FdfQ(k) + fiQ(k) = 0 , (B.52) 


where F and 14 are 


F 

ft 


to 


faF - f a , 
~d- t z k d}z k 


Zk 


Zk 


N \ 2 df~z k 

®eff / Z k 


flitt-co), 





fz . 2 f a f z 
fz fa fz 


(B.53) 

(B.54) 

(B.55) 


In the commutative limit, F —> F, u 0, and Q Q. The term in square 
brackets in Eq. (IB.5511 contains the 0(e) contribution of 14, since f a /f a — 
0(e) = f z /fz- In the infrared limit (strongly noncommutative regime), u> and 
its components loose their momentum dependence. The Langevin equation 
for the curvature perturbation reads 


d]n{ k) + (2/a- - f] dfTZ(k) = -- f(l k). (B.56) 

The noncommutative version of Eq. (IB .2611 gets an extra term from the 
redefinition of Z] in momentum space and at first SR order, z k ~ — <2(k) + 
a k ^k[l + 9t - r] + f z /(NHff)\. 

With the gauge choice r/ ~ — ( aHff) 1 = — e - *, by definition one has 
dit = 0 on surfaces of constant noncommutative time. Then 


NHf a = = 1 + 0(e), F = —1 + 0(e 2 ), d^ = u k . (B.57) 

Neglecting the second-derivative term in Eq. (|B.o6|) . one has 

dj!Z(k) zs- (B.58) 

With the procedure of the last section, at lowest SR order and first pertur¬ 
bative order, one obtains the noncommutative power spectrum (H3), which 
is the commutative amplitude corrected by a factor E 2 = (/ 2 // z ) 2 . Actu¬ 
ally, if one wanted to go to coordinate space the integration over momenta 
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should be performed up to the UV cutoff ko, while the characteristic scale R 
should be pushed towards the asymptotic limit R ~ kf 1 at the infinite future. 
However, the approximation k 0 —> oo fits well at this stage of accuracy. 

The gauge-fixed variables Q and Zk are 


Q(k) = a k -0k(l - e + 2/ a ), 


Zk 


(l + 9) e — T] + fa -2 fa 

Jz 


(B.59) 

S(k) = -i(n. - l)C(k). (B.60) 


At first SR order, the spectral index (13.621) has acquired an extra term 


d In S 2 
dink 


2 ( fa _ h\ 

NH [f a f z ) 


2/a 



(B.61) 


A computation of the second-order curvature perturbation, by Eq. (IB.bfil) . 
gives again Eq. (IB .501) . with the spectral index now depending on the non- 
commutative parameter a. 
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